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3 ;=<?>8@BADC	EGFIHKJML 58NPORQTSVUIW�OX8Y[Z]\]^8_ Fa`cbedRfVg O]h8i�9Ij MCMC k Markov

chain Monte Carlo lnm�` Opo >rqtsBuwvTf 5p7x9=y
H{zw|t}p~ O?h s��?�p�=s jM�TO?�[���nyB�[�Ty \]����[� vp@[���B@nvpfV�:; 9 E�� S[Op���]��� _ �a�� \]� S[�[� � X=YTZ � C ����� jR�wO¡  � �=y H�z
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2 ¦¨§ ©«ª�¬®­°¯�±³²
2.1 ´�µ·¶�¸w¹1º
»w¼ j6½T¾T¿ s � S:O FpHÀJpL 5PN <8Á�v�CnÂÄÃ
dBf[v � j F=H�J=L 5PN M

9
m Å O6½T¾ �8ÆTÇrÈÉ d ½P¾:Ê¡� Ω = {s1, s2, . . . , sm} `tË:ÌpÍ¡Î=Ï�Ð

P
\VÑ AnC=vKdw` �   � fBb � >wÒ j M sBÓ �IÔ �Õ q � d ½T¾K9 Ω Ö O vn× É¡Ø �wÙ q jT�BÔ t

� ½
¾

x ∈ Ω <]Ú{d �nj=�VÔ t + 1
OM½p¾ s y ∈ Ω

�:Ù d
Í�Î 9 P (x, y)

��Ù dIfp@p� � j P (x, y)
9 ÏTÐ P

O
x, y
Ç U \VÛ b[f
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1: FnHÄJnL 5pNwO ËpÌ�ÝpÞpL

F=H�J[L 5TN M
O8½T¾PÊ��

Ω Ö O ÍwÎ U=W π =

(π(s1), π(s2), . . . , π(sm)) <IÁPvTC8ÂeÃPdIfKg O `I�
�eß � �8àe� ß j � ÁPv `6áVâãpäPåTæçåTæTènépêpëwì6æTí8î:ï[ð

ñ
113-8656

ãpä[ò:ó=äeô 4Tõ
7-3-1

π
9 ∑

x∈Ω π(x) = 1 ö  V÷ π(x) ≥ 0 (∀x ∈ Ω)
\Rø

@BbTfxg O π s πP = π
\Rø @8b �[j[ùpúnûpü `Rýþ fRÿ�� j F6H�J8L 5=N M
9����PO����BU6W

π
\]Ñ

Á k��nH�z _
	�� l{`�
 � b�d?fPg O `M� j F6H{J6L5nN \ � S ;MË6Ì È�� dP` j]�pOV½=¾�9����BUBW π <��� b{dTg�`Rs���� É C[vKd [1] f

2.2 MCMC �
MCMC m OB£n4 � �=y8�=�PyT9���� <��! � j E F
H�J6L 5[N�OVQwSIU6W Ø �#" ��$ | � Ý \ Ï:v j&% �^(' H*)Rm k�+ )

\ Ï � f Z `Dv � á O ��Ù dIf
MCMC m O�,!-T9?½=¾[ÊP� s �.� < å � Ø AI@Àq jÙ d?v 96�pO?½[¾n¿ \ ��d=gP` È Ã�/�0 �21�3 < j546 � � é[êK\57 s Ø q�< j#8(3�9�:�O á�Á é[êx\<;�=
bed=gP`¢s � �pd - �PÙ d?f?>¡Ã�@ jBA�CwO >Ä` � C j�ED � Ý %p� H OBU(F¡oB¿ kHG�I�J �=¿ l O ;�= s j� @�� C¡O >�` � C jRU�K Û O G8Í�L � s jI� É.M8ÉNPO � É dIf�Q�v�R!S � O MCMC m 9 , v ��T�U ;V ë j(W�X U ; j�Y�Z épêPæ jB¿([�\PU¡j�]�^._ ë j
`�a J = m �cbDj�dEep�BU.f < Y É dIf

2.3 gihkjklnmkokp
MCMC m \�q vKdVÖ � jsrutxOMU=W \ ���8U=W <Ñ Á�F[H�J[L 5PNKO�v ; 9�wyx �xÙ d8fxg É < o �
C jzr�txOMUnW \ v ; b�d|{pmTs��}� É CnvxdVf&~ Û� � {pm�` � C j M-H k Metropolice-Hastings lIm T
Gibbs " ��$ Þ _ s Ù O � É dMs j g É ��s r�t¡O���8U=W \VÑ Á�g�` 9nj���O�� ë <   AnC��.� È É dIfù��

1 �8Hez _�	�� FIHeJBL 5nN M
9 � SnO?½6¾[Ê

�
Ω ` Ë[Ì=Í:ÎnÏ[Ð P

\ á]Á�` b�dMf ½=¾PÊT� Ω ÖO Í�Î U6W π k∑
x∈Ω π(x) = 1, π(x) ≥ 0 (∀x ∈ Ω) l

s j�� R OB½p¾�� {x, y} ⊂ Ω <IÁPvTC j
π(x)P (x, y) = π(y)P (y, x) (1)
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\Dø @Bb �nj Í:Î UnW π
9 F8H{JBL 5=N M

O����PO
�(�6U=W �:Ù dIf
� ë � O�
 (1)

9	������������� `8ýz@ É dTf�>
Ã.@ Ü 1

O FPHrJPL 5¡N{9�� R O[½¡¾!� {x, y} ⊂

{s1, s2, s3} <6Á¡v�C P (x, y) = P (y, x) s Ç q��PÁO � j����8U8WK92��d=UnW < � d?f����� �!�{�" 
:9rutwO����8U8W \RÑ ÁT@	# O%$6U'&�( �PÙ q j F6H�J
L 5:NxO��!�=U[W{9%) × � á:g É \?ø @6b )!x¡9 �
vTf � Ø � j MCMC m O<,y- s 4 6 �Bépê O â � Ë
Ì � �Td - < Ù dpgT` \ Â+*[b É @ j g O24 6 � � {
" 
w9 FnH{JnL 5pN¡O2v ; < ��� < ��, ��Ù dIf

2.4 -/.1032
F8HaJ8L 5=N�O Ë[Ì 9Bj5��d X ¿548¿ Λ ∈ [0, 1) ` j
k76 � � l o?¿ φ : Ω× [0, 1) → Ω

\ á8Ò?v[C Û=Y bad
g:`Ds � �TdMf oM¿ φ

96j2��d X ¿	48¿
Λ ∈ [0, 1) `� R O x, y ∈ Ω < � � C j Pr[φ(x, Λ) = y] = P (x, y)\]ø @ È �98 É @ � � � vPfKg OToB¿ φ
9�:';=<'>

(update function) `Rý.@ É dIfÜ
2
O@?�AKO Û 9=j Ü

1
O F=HÀJ[L 5TN < � bÀd


�� o8¿aO > �xÙ d8f��9B O @�# j�4[¿eO�[ s ô �
[(i − 1)/6, i/6) (i ∈ {1, 2, . . . , 6}) <DC � É dFE�G \È v¡g%H O r i �a`JI � `   vpf Ü 2

OLKwO Ü 9 È v
g�H O r s 5

�:Ù A8@a`I� O=�?Ô t
Ø � t + 1 M O Ë

Ì \ Ü%N � @Ká O ��Ù dIf

+� oB¿xOPO	Q \SR�T!� <SU�Vnb{dx` jT�BÔ t1

Ø
� t2 (t1 < t2) M O ËTÌ�á 4p¿ Ð λ = (λ[t1], λ[t1 +

1], . . . , λ[t2−1]) ` ¼@W Ow  � < �PX È É d o?¿ Φt2
t1

:

Ω × [0, 1)t2−t1 → Ω
\�q vTC

Φt2
t1

(x,λ)
def.
= φ(φ(· · · φ(x, λ[t1]), · · · , λ[t2 − 2]), λ[t2 − 1])

` Û bÄg�`Ds � �PdIf
ánÒ�H � j8½p¾PÊT� Ω ` ËpÌ[Í:ÎnÏTÐ P

\ áRÁTF

H{JnL 5pN¡O 
�� oI¿¡O 6Y#�{ 9�Z+[�\�]'^�_ 1 f

2.5 `badcde�fhgji
r�twO����IU6W \ áDÁ=F8HaJ6L 5nN \�7 <�k É @2�O'lBiP-w9=j Enmx;6ËpÌ È#� É @ ���nU[W (

QxS6U=W
)

`poeÃpd O Ø�q Z `Jo � gP` �:Ù dMf � Ø � j F6H{J
L 5[N \ mw;MË=Ì È � Cwá j � S ; O Ë[Ì �+r Ò�sxA
C �D� � `�tn×:â 9%u ßIdIf
g É < � � j 1996 vK< Propp and Wilson

9 E � S
; Op�a�D��� _ �e� � \]� Sn�[� � XnYTZ b�d 4�w�y
HÄz�|�}:~ \Sx�y � @Pfeg Opy H�ze|�}w~ 9 CFTP

k coupling from the past z|{	} Ø � O '�~ $ | � Ý 2 l
`Dý�@ É dBf � É � 9nj v   v   CFTP <IÁPv:C ¤¥ �   � f

3 ����� � ¯����������j�
3.1 �Àµ����'���
½=¾[ÊT�

Ω `�
P� o?¿ φ
\ áDÁ=F8HaJ8L 5nN M <� � C j CFTP

y H�ze|D}:~ 9 »�¼ Oe  � < ��X ÈÉ dIf
���Y�����'�

1 k CFTP
y HÄzK|¢}P~Bl

Step 1:
�Ä�V�x� _ �Ä� � O'�� w�8Ô \

T := −1 `
b�dIf Ê Ð λ := ()

\�q Rpb�dIf
Step 2:

4n¿
λ[T ]
\ u Çr� jM¿ Ð λ

OP¡�¢ <F£�kpb
dVftb � >PÒ λ := (λ[T ], λ[T +1], . . . , λ[−1]) ` bedVf
Step 3: Ω

O Ó ½p¾ x <BÁPv:C j x
\ �5¤ ½p¾ ` � j¥�¦ O�4n¿ Ð λ

\5q vTC �IÔ T
Ø � �IÔ 0

�[� FnH
J6L 5pN \ ËpÌ È?� dMfKg O `I� j

1 §Y¨ª©¬«®­°¯²±�³µ´�¶¸·º¹�»°¼J½¿¾�À�ÁÃÂJÄÆÅ=¨ÈÇ�É²Ê�ËÆÌ�ËÍ²ÎpÏ�Ð®Ñ ÂºÄ
2 §Ò¨ÔÓ¿Ë¸ÕºÖ°×PØ¿¼Ù­%ÚSÅÒ¨ÜÛ�ÝÆÞºß�à®áÙ­º«Sâäã .



(a) á � jT�BÔ 0
�

coalesce3
� Cpv É @ k ∃y ∈ Ω,

∀x ∈ Ω, y = Φ0
T
(x,λ) l jT�BÔ 0

OB½P¾
y
\���� � j

��� b{dIf
(b)
� � � ��8 É @ jn���R��� _ ��� � O��@ ��?Ô \

T := T − 1 ` � C Step 2 <��{dIf
y HÄzx|¢}P~ 1 s
	�� � @{`I� O |T |

O2[ \
coales-

cence 
��{`�ý þ f »P¼ j Ü 3
\ >K< y H�z¡| }p~ \�  8b{dIf

1 ��� r : Step 2
� È vÀg	H \�� q 4

O r \�� d[f
Step 3

� b��:C OB½p¾ s1, s2, s3 <IÁPvTC j È v�g+HO r
4
\<q v�C �BÔ −1

Ø � 0
�p� < � bÄdRËTÌ \

Ï � fTg O `?� jI�MÔ 0
�

coalesce
� C=v � v*k ½=¾

s2 ` s3 s����Tb{d]l O � (b) <�� � f
2 ��� r : Step 2

�aÈ vxg�H O*r 6
\�� d?f Step 3

�
b��wC O8½T¾ <BÁ�v:C j È vag�H O r 6 , 4

\�q v
C �MÔ −2

Ø � 0
�[� ËpÌ \ Ï � f��e< jp�IÔ −1

Ø
� 0 M O ËpÌ 9 1 ��� r � � � É @ 4

\<q vPCTvKdO � j
1 ��� r `�� �¡O ËTÌ �¡Ù dPgw`8<! �RTbÄd8fT 9 q �IÔ 0

�
coalesce

� C[v � v O � (b) <�� � f
3 ��� r : Step 2

�aÈ vxg�H O*r 3
\�� d?f Step 3

�
coalesce

\ Í�"pb�dVs j T 9 q coalesce
� Cnv � v O�

(b) <#� � f
4 ��� r : Step 2

�aÈ vxg�H O*r 4
\�� d?f Step 3

�
coalesce

\ Í$":b�d8f¡g O `B� jp�8Ô 0
O6½T¾e9

s3�
coalesce

� C[vxd O � j8½p¾ s3

\���� � y H{zK|
}P~ \ 	��Bb{dIf
ù��

2
� R O �=HÄz _ 	u� � � S FnHÄJnL 5[N < �� C j Ù dD
�� oI¿ 4 s���� � C jpy HÄzK|¢}P~ 1

9
Í:Î 1

� � S ��� � jIy H�zx| }T~ O!% b [¡9����BUW <�&�'x<#� � f
Ö W O�� ë Ø � U Ø d   � < jTy H�ze|�}:~ 1 <  
AnC j����nUpW <�(�)Ä<�� � " ��$ | � Ý (perfect

sampling5)
\ Ï � E�s � �pdMf ��* � 96j g O=y H

zK|¢}P~=s@m \ � C[vKd O Ø \,+�� �   � f

3.2 -/.103254 - 687:9<;>=@?@A
B�C�DFEHG�IKJML
NPO
Q�R�S�T$UVBFW�X�YZD[S�T�\

C�]�^�_`JML
NPO�Q�R#S�T�U�R�a�b�I�L�NZO�QFc�d$\Pe
3 fHgihkjmlon,prqtsvu#wvxzyv{o|~}>g����!�������m��������{��uo�[y���f�g����t�[���m�����v�F��{��t���� �|
4 f�g¢¡�£ 2 jm¤¦¥�u[p¨§�©�ªt«,jm¤¦¥��¦��{o¬����~­�|
5 f�g®h¨j�l�n�����§�¯�°¦±,²�³�´~²�µmu��t�vyv{��}¶g·£�¸¦±,²m³�´~²�µ¦¹�º¼»�uo�v­v|½�¾¯�°¦�vp��F��¿m¬�uo�¦y��
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L�N/O Q#c�d I!&PR�^�2�G �43�56� B �7, 	 � D�R
)��FEVR!8�0:9<; 5�� _�B�G4)6=�c�d�I � R�E$\�b(>
D�?A@�0CBED$]�B:F�)7; e �1�����G� @IH6JK	 � D!R
b��#L
N¶O
QL
���I4M�N4O�PHG�Q�R , 	 � D#_!'�)7;
Ã�Ä ��S 2�	 � Ã!Ä 0

B,W4T � ��.�R/# % �!U1V/W N
X Y>X�M$N�O�P1)�;�R U6V!W È V�Y \�b+>$D�R�'�\��
c�dVI�Z([K\E.+]�\^@�b��!L
NZO
Q�
���R J_# % U �
`7a 	�=vY 5�� _
C�D Ã �,EVR�b�cHI �6dfe a ^�_¦c�d�R `6a 	g=tYD$e ���4� R Â )g;:��L
NPO�QG
���R/# % �L
�h X D� B#I b+> 5�� ' �id )<j
b�cHI¼c�dHGGk�l�� Ã�Ä −3

)7; Ã�Ä 0
R�m$G�n
^

e ����� R Â \ 3 , 6 , 4
b$C�D � B �Ko >�n , ^�_

b�cHI>e#]K.g= 
Eh6�Gp 2
^�_(0 , Ã�Ä −3
R!# % \

s1

' ]�^!q�r���e �A��� R Â 3 , 6 , 4
G , ^ \�]!	


E� X D�B Ã!Ä 0
RK# % I

s2

b�C$D!_(sutPG4� Ã!Ä
−3
R4# % \

s2

'¶B X Y>X�� Ã�Ä 0
R4# % I

s3

� Ã
Ä −3

Ru# % \
s3
5 ; Ã�Ä 0

Ru# % I
s2

b$C�D�_�'
)�;L��Z 5 =�B�0Lv�w>RK# % \

s1

b 5E� Byx d�� B
I�zE)HD{� Å

3
J
3 À�Á Â U ����� _ , ) , �K|+}VI^E'�~3B � _ 
$h G I e$;�Gu����\4���('�_

b�c¶IZe�;!G�c�dZG Â � ^�BAl$^$_�c�d IE.�R��R Â � Ã!Ä −4
R Â � \ 4

b�C�D�By����^�_!bEc I��
Ã�Ä −4

R4# % \
s1, s2, s3

'$]�^4q�r+.�Y1��YPG �
� 	E�Ze �g��� R Â 4 , 3 , 6 , 4

b�� � @ d D Ã
Ä 0

R/# % ��
Eh�, ^�_4.�R!����� Ã�Ä −4
R!# % \

s1, s2, s3

Ruq�r�R � B Y�b$C �7d B�� Ã�Ä 0
Ru# % I

s3
, ) 5�� B�x d ���HG!� , ^�R�b$C�D�� Å

3
J
4 À

Á<Â U �(��� _�6d!, 	ub�cVIK������@ Ã#Ä 0
R/# % � 9�@�� X 5

z+�!M$N�O�P1)�;¼R U�V!W N �G� ^�R�b�C$D!_
, ) , �Lb�c>I � R4~ZB � R U1VuW N�'(J�b�IG�$�

b�> 5 )�]!^�_�b�c>I+0�]VB:�i=,R UAVuW N � �$��B
, 	 � ^�R�'�_L�E� 5 \6;���L
NZO�Q,c�d�I�^�]�^��
d , ) ��5�� _
� B:�Lb�c>Iu�E� � ^�_#L
NZO�Q,c�d�R `6a 	g=tY

D!R I/� Ã�Ä RHe �A��� R Â '(J 5 R�' _�.�R Â B �d RA0��,c�dVI>e ��������� ]K	 � D/�( �b�C�D�_�e
���K� R Â � 9PD/'�JK' ]�^g;C�L&i0�c�d>G o ) 5 =^�]K	g¡¢O$bPe ���4����£ ]!^�]K	���¤�R � B¦b�I 5
� )¦¥§. d �>e �1����� ¡�O�b � ]4	��/v Ã�¨ )g;¢©

ª G�«K)�]!	�.�R Â ��S 24	 � J
X4�¦c�d 5�3 	4�¬;5�� R�'­¥

3.3 ®°¯�±³²�´-µ·¶�¸34°¹
L�NZO�Q�
���Ruº�»!O�P+)7;�R UAV/W È V�Y I4�G¼
½�¾ » R4¿4À�Á �/UAVuW È V�Y�, ��Â�Ã X D#L�N¶O�Q

���R/Ä�Å�# % G �E� 	�REsGÆ�Ç �LÈ M X D � B#G�É
5 ; 5�� 6

_
��� b Æ N ÇPÈ¦É�Ê�R coalesce

RKÊ�Ë<B�I!&6) �
e a ? d _�C�D Ã#Ä b�R/# % G�Ì�Í X D � B 5 =¢ÄEÅ# % \K��ÎHGuM���]K	 � D$B �<dG� B¼IK� ¾ »!Ï�R4¿
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