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Abstract. The Dirichlet distribution often appears as prior and pos-
terior distribution for the multinomial distribution in some statistical
methods for bioinformatics. In this paper, we propose two Markov chains
for sampling a random vector distributed according to a discretized
Dirichlet distribution. In each transition of our chains, we need to sam-
ple a random variable according to a discretized beta distribution (2-
dimensional Dirichlet distribution). The mixing rates of our chains are
bounded by O(n*log A) and O(n®log A), respectively, where n is the
dimension (the number of parameters), and 1/A is the grid size for dis-
cretization. The obtained bounds do not depend on the magnitudes of
parameters. To show the (weak) polynomiality, we apply the path cou-
pling method carefully and show that our chains are rapidly mixing.
Our second chain gives a perfect (exact) sampling algorithm according
to a discretized Dirichlet distribution. Our algorithm is a monotone cou-
pling from the past (monotone CFTP) algorithm, which is a Las Vegas
type randomized algorithm. Our perfect sampler simulates transitions of
our second chain O(n®In A) times in expectation.

We also report results of simulations, which indicate that our two chains
have totally different features in practice.

* Some of the results in this paper appeared without detailed discussions in the ex-
tended abstract [16] in the Proceedings of ISAAC 2003 (The 14th Annual Interna-
tional Symposium on Algorithms and Computation).
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1 Introduction

In this paper, we propose an approximate sampler and an exact sampler accord-
ing to a discretized Dirichlet distribution. Both sampling algorithms are based
on Markov chains and whose time complexities are bounded by a polynomial of
the dimension (the number of parameters) and the logarithm of the grid size for
discretization. We propose two chains whose stationary distributions are the dis-
cretized Dirichlet distribution. In each transition of our Markov chains, we need
a random sample according to a discretized beta distribution (2-dimensional
Dirichlet distribution). We show that our first chain is rapidly mixing, that is,
the mixing time of our chain is bounded by (1/2)n(n—1) In((A—n)e~!) where n
is the dimension (the number of parameters), 1/A is the grid size for discretiza-
tion, and € is the error bound. The mixing time of our second chain is bounded
by n(n —1)?In(n(A —n)/(2¢)). To show the (weak) polynomiality of our chains,
we employ the path coupling method. We also propose an exact sampling algo-
rithm based on a monotone coupling from the past algorithm using our second
chain. Our algorithm simulates transitions of our second chain O(n?In A) times
in expectation.

We begin with a quick overview of some applications of our sampling al-
gorithm appearing in bioinformatics. Statistical methods are widely studied in
bioinformatics since they are powerful tools to discover genes causing a (com-
mon) disease from a number of observed data. These methods often use EM
algorithm, Markov chain Monte Carlo method, Gibbs sampler, and so on. The
Dirichlet distribution is a distribution over vectors of positive numbers in which
the sum total is equal to 1. The distribution appears as prior and posterior dis-
tribution for the multinomial distribution in these methods since the Dirichlet
distribution is the conjugate prior of parameters of the multinomial distribu-
tion [23]. For example, Niu, Qin, Xu, and Liu proposed a Bayesian haplotype
inference method [18], which decides phased (paternal and maternal) individ-
ual genotypes (diplotype configuration for each subject) probabilistically. This
method is based on Gibbs sampler. In their method, the Dirichlet distribution is
used to update population haplotype frequencies, i.e., parameters of the multi-
nomial distribution, for each iteration. That is to say, for each iteration starting
from the Dirichlet distribution with some appropriate parameters, the parame-
ters of the multinomial distribution are updated from the posterior distribution
which is the Dirichlet distribution with updated parameters conditional on the
“imputed” events.

Another example is a population structure inferring algorithm by Pritchard,
Stephens, and Donnely [19]. Their algorithm is based on MCMC method. For
each step of MCMC, the Dirichlet distribution with two distinct sets of param-
eters are used to sample allele frequencies in each population and admixture
proportions for each individual. Similar to the first example, these two sets of
parameters are updated at each iteration. The Dirichlet distribution was also
used to estimate inbreeding coefficient and effective size from allele frequency
changes [15], and to perform a meta-analysis of studies on the association of
polymorphisms and risk of a disease [4]. In the paper [3], Burr used the dis-



tribution to examine the quasi-equilibrium theory for the distribution of rare
alleles in a subdivided population. Kitada, Hayashi and Kishino used the Dirich-
let distribution to estimate genetic distance between populations and effective
population size [14]. To approximate the conditional genotypic probabilities for
microsatellite loci for forensic medicine, Graham, Curran, and Weir used the
distribution [11].

An application also appears in the area of econometrics. In [5], Chiang, Chib
and Narasimhan dealt with set-brand choice model that is capable of account-
ing for the heterogeneity in consideration set and in the parameter of the brand
choice model. They modeled consideration set heterogeneity by introducing a
probability function on the possible subsets of given brands for each house-
holder. In their consideration set model, the probability function (the vector of
probabilities) is assumed to be distributed across the population according to
a Dirichlet distribution. The model is estimated by Markov chain Monte Carlo
sampling procedure and is applied to a scanner panel data. Their procedure gen-
erates 15-dimensional Dirichlet random vectors in each iteration and updates the
Dirichlet parameters.

In the above examples, the Dirichlet distribution appears with various dimen-
sions and various parameters. Thus we need an efficient algorithm for sampling
from the Dirichlet distribution with arbitrary dimensions and parameters. One
approach of sampling from a (continuous) Dirichlet distribution is by combining
random variables distributed according to gamma distributions. More precisely,
we obtain a Dirichlet random vector by normalizing the vector of obtained ran-
dom variables so that the sum total is equal to 1 (see [8] for example). In this
approach, the number of required samples according to gamma distributions is
equal to n, the dimension of the Dirichlet distribution. Though we can sample
from the gamma distribution by using rejection sampling, the ratio of rejection
becomes higher as the parameter is smaller. Thus, it does not seem effective
way for small parameters. Additionally, this approach has a serious problem.
When we generate samples according to gamma distributions by using a digital
computer, we need to discretize the domain and thus the set of vectors gener-
ated by this approach with positive probability is finite (and contained in an
n — 1 dimensional simplex). Then it is easy to see that the distribution of the
set of vectors generated by the above procedure with positive probability is not
uniform, but sparse around the center of the simplex.

This paper deals with the discretized Dirichlet distribution which is obtained
by uniformly discretizing an n — 1 dimensional simplex (a domain of a Dirichlet
distribution). Discretization of the domain enables us to construct simple and
natural Markov chains based on the Metropolis algorithm. As described later,
the mixing times of our chains are linear to log A (the logarithm of the inverse of
a grid size 1/A). Thus, we can simulate the Dirichlet distribution by employing
sufficiently small grid size.

We propose polynomial approximate sampler and polynomial time perfect
(exact) sampling algorithm according to a discretized Dirichlet distribution.
Our perfect sampling algorithm is based on a monotone coupling from the past



(CFTP) algorithm. The (monotone) CFTP algorithm was proposed by Propp
and Wilson in 1996 [20,21], which produces exact samples from the limit dis-
tribution of a monotone Markov chain. Monotone CFTP algorithm simulates
infinite time transitions of a monotone Markov chain in (probabilistically) finite
time. To employ their result, we propose our second chain whose mixing time is
slower than our first chain but satisfies the monotonicity.

The organization of this paper is as follows. In the next section, we discuss
the influence of discretization by showing the difference between the (original)
Dirichlet distribution and its discretized version. We also give a brief review
of path coupling method and (monotone) CFTP algorithm. In Section 3, we
propose two Markov chains and describe our main results. Section 4 shows the
mixing times of our chains. In Section 5, we discuss the correctness and the
time complexity of our perfect sampling algorithm. Section 6 gives results of
simulations. In the last section, we discuss results of simulations and describe
related works. Appendix section gives proofs of key properties one of which is
called alternating inequalities.

2 Definitions and Notations

2.1 Discretized Dirichlet Distribution

In this paper, we denote the set of integers (non-negative or positive integers)
by Z (Zy, Zyy) and the set of reals (non-negative or positive reals) by R
(R4, Ryy). Dirichlet random vector P = (Py, Ps,..., P,) with non-negative
Dirichlet parameters wy,...,u, € R4 is a vector of random variables that ad-
mits the probability density function

I( :L 1) ﬁ
Hz 1 F i=1
defined on the set {(p17p27 e 7pn) € R‘i+ | D1 + - +pn = 17p17p27 <y Pn > 0}
where I'(u) is the gamma function. Throughout this paper, we assume that

n > 2. The statistics of the Dirichlet distribution with parameters (u1, ..., un)

are given as follows. For each random variable P;, E[P;] = u;/uo and Var[P;] =
12((1? +1l))
(i # j) satisfies that Cov[P;, Pj] = L”’) Figure 1, derived from [8], illustrates
3-dimensional Dirichlet distributions by plotting 10° points (for each case) gener-
ated according to 3-dimensional Dirichlet distributions. As shown in Figure 1 (c),
when values of all parameters are less than 1, the distribution function becomes
convex and that causes a difficulty to construct a rapidly mixing chain whose
stationary distribution is the Dirichlet distribution.
Given an integer A > n, we discretize the domain with grid size 1/A and
obtain a discrete set of integer vectors (2 defined by

where ug = Z?_l u;. Each pair of random variables P; and P; with

def.
= {(@1,22,...,xn) €LY |21+ 4+ 2p = A, 21,22,...,0, > 0}.



(a) (u1,u2,us) = (10, 20,50). (b) (u1,us2,uz) = (1,2,5). (c) (u1,u2,u3) = (0.1,0.2,0.5).

Fig. 1. 3-dimensional Dirichlet distributions [8].

A discretized Dirichlet random vector with non-negative Dirichlet parameters
Ul,---, Uy is & random vector X = (X1,...,X,) € 2 with the distribution

n

Pr[X = (z1,...,2)] = Ca [ (2:/2)"

i=1

where C, is the partition function (normalizing constant) defined by

(€)= 3 [Tw@i/ay,

Trei=1

Table 1 shows the influence of discretization. For some discretized Dirichlet
distributions, we calculated the statistics, EA[P;], Vara[P;], and Cova[P;, P;] by
a brute force method.

2.2 Path Coupling Method

Given a pair of probabilistic distributions v; and v» on a finite state space {2,

the total variation distance between vy and v is defined by Dry (v, 12) def-

32 eeor l1(®) — v2(z)|. A mizing time 7(¢) of an ergodic Markov chain on a
finite state space 2’ is defined by

r(e) " max{min{t | ¥s > t, Drv(r, P}) < £}}

where 7 is the stationary distribution and P} is the probabilistic distribution of
the chain at time s with initial state z. The value 7(1/e) is called a mizing rate
and denoted by 7 when there is no ambiguity.

Path Coupling Theorem is a useful technique for bounding the mixing time.

Theorem 1. (Path Coupling [1,2]) Let MC be a finite ergodic Markov chain
with state space 2. Let G' = (2',&") be a connected undirected graph with vertex

!
set 2" and edge set &' C <g > Let 1 : & — R be a positive length defined on



Table 1. Influence of discretization.

(u1, u2,us,us) |maximum difference of statistic 10 Eﬁ) 100
|Ea[P;] — E[R]| 0 0 0
(1,1,1,1)  ||Vara[P;] — Var[P,]| 0.015 0.003 0.0015
|Cov a[P;, P;] — Cov[P;, P}]| 0.005 0.001 0.0005
max (|[Ea[Pi] — E[P]]) 0.051 0.0092 0.0046
(4,3,2,1)  |max (|Vara[Pi] — Var[P]|) 0.0036 0.00049 0.00023
max (|Coval[P;, P;] — Cov[P;, P;]|)|0.0080 0.0074 0.0073
|Ea[P] — E[P]| 0 0 0
(0.1,0.1,0.1,0.1) | Vara [P;] — Var[P;]| 0.11 0.071 0.061
|Cov a[P;, P;] — Cov[P;, P]| 0.035 0.024 0.020
max ([Ea[Pi] — E[P]]) 0.13 0.10 0.092
(0.4,0.3,0.2,0.1)|max (|Vara[P;] — Var[P:]|) 0.090 0.055 0.045
max (|Cova[P;, P;] — Cov[P;, P;]|)| 0.051 0.042  0.040
max (|Ea[Pi] — E[P]]]) 0.079 0.029 0.019
(2,1.5,1,0.5) |max (|Vara[P;] — Var[P}]|) 0.014 0.0032 0.0019
max (|Cova[P;, P;] — Cov[P;, P;]|)[ 0.015 0.013 0.013

the edge set. For any pair of vertices {x,y} of G', the distance between x and y,
denoted by d(z,y) and/or d(y,x), is the length of a shortest path between z and
y, where the length of a path is the sum of the lengths of edges in the path. For
any x € ', we define d(x,x) = 0. (The positivity of edge lengths implies that
x #y < d(z,y) > 0.) Suppose that there exists a joint process (X,Y) — (X', Y")
with respect to M C' satisfying that whose marginals are a faithful copy of MC
and

0<3AB <1, WX, Y} el E[dX",Y"] < Bd(X,Y).
Then the mizing time 7(g) of Markov chain MC' satisfies
7(e) < (1= 5)""In(D/(Le))

where
D ( m)a>§2 d(z,y) and L oot min{d(z,y) | (z,y) € 2?,d(z,y) > 0}.
z,y c 2

The mizing rate satisfies that 7 < (1 — 8)~1(1 + In(D/L)).

The above theorem differs from the original theorem in [1] since the integral-
ity of the edge length is not assumed. We drop the integrality and introduced
the minimum distance L. This modification is not essential and we can show
Theorem 1 similarly.

2.3 Coupling From the Past

In the rest of this section, we briefly review the coupling from the past (CFTP)
algorithm. When we simulate an ergodic Markov chain for infinite time, we can



gain a sample exactly according to the stationary distribution. Suppose that
there exists a chain from infinite past, then a possible state at the present time
of the chain for which we can have an evidence of the uniqueness without respect
to an initial state of the chain, is a realization of a random sample exactly from
the stationary distribution. This is the key idea of CFTP.

Suppose that we have an ergodic Markov chain MC with a finite state space
2" and a transition matrix P. The transition rule of the Markov chain X — X'
can be described by a deterministic function ¢ : ' x [0,1) — (', called an
update function, as follows. Given a random number A uniformly distributed
over [0, 1), the update function ¢ satisfies that Pr[¢(z, A) = y] = P(z,y) for any
x,y € 2. We can realize the Markov chain by setting X’ = ¢(X, \). Clearly, the
update function corresponding to the given transition matrix P is not unique.
The result of transitions of the chain from the time t; to t2 (t1 < t2) with a
sequence of random numbers A = (A[t1], A[t1 + 1],...,A[t2 — 1]) € [0,1)!27" is
denoted by #;2(z, A) : 2/ x [0,1)!27" — ' where

B2 (2, A) L G- - (p(a, Nta])s - -, Alt2 — 2]), Alt2 — 1)

Given a negative integer T, we say that a sequence A € [0, DITI satisfies the
coalescence condition, when Jy € ', Vz € ', y = %(z, A).

With these preparation, the standard CFTP algorithm is expressed as fol-
lows.

CFTP Algorithm [20]

Step 1. Set the starting time period T := —1 to go back, and set A be the
empty sequence.
Step 2. Generate random real numbers A[T], \[T +1],...,\[[T/2] —1] € [0,1),
and insert them to the head of A in order, i.e., put
A= (A[TLAT + 1], ..., A[-1]).
Step 3. Start a chain from each element x € 2’ at time period T, and run each
chain to time period 0 according to the update function ¢ with the sequence
of numbers in A. (Note that every chain uses the common sequence A.)
Step 4. [Coalescence check]
(a) If Iy € 2',Vz € ', y = ?%(z, A), then return y and stop.
(b) Else, update the starting time period T := 2T, and go to Step 2.

Theorem 2. (CFTP Theorem [20]) Let MC be an ergodic finite Markov chain
with a finite state space (2, defined by an update function ¢ : 2' x [0,1) — (2.
If the CFTP algorithm terminates with probability 1, then the obtained value is
a realization of a random variable exactly distributed according to the stationary
distribution.

Theorem 2 gives a (probabilistically) finite time algorithm for infinite time sim-
ulation. However, simulations from all states executed in Step 3 is a hard re-
quirement.



Suppose that there exists a partial order “>” on the set of states 2. An
update function ¢ is called monotone (with respect to “>”) if YA € [0,1),
Ve,Vy € ',z = y = é(x,\) = ¢(y,\). For ease, we also say that a chain
is monotone if the chain has a monotone transition rule.

Theorem 3. (monotone CFTP [20]) Suppose that a Markov chain defined by
an update function ¢ is monotone with respect to a partially ordered set of states
(2, %), and Ixmax, Itmin € 2', VT € ', Tax = T = Tmin. Then the CFTP
algorithm terminates with probability 1, and a sequence A € [0, 1)|T| satisfies
the coalescence condition, i.e., Jy € ',V € ', y = ®%(z, A), if and only if
ds(j)“ (xmaxa A) = ¢8"’(xmin7 A)

When a given Markov chain satisfies the conditions of Theorem 3, we can modify
CFTP algorithm by substituting Step 4 (a) by

Step 4. (a)' If Jy € 2', y = D% (Tmax, A) = Y (Tmin, A), then return y and stop.

The algorithm obtained by the above modification is called a monotone CFTP
algorithm.

3 Sampling Algorithms and Main Results

In this section, we propose two Markov chains and one perfect sampling algo-
rithm. We also describe main results of this paper.

First, we introduce some notations. For any integer b > 2, we introduce a set
of 2-dimensional integer vectors

Q) L {(Y1,Y2) € 22 | V1, Y2 > 0, Y + Yy = b}

and a distribution function fy(Y1,Y5 | ui,u;) @ 2(b) — [0,1] with non-negative
parameters u;,u; defined by

def. U; — Uj —
£ (Y1, Yo |y uy) L Clug,uy, b)Y 1y

where
b—1
(Clusyug,b) H 5 30 Vg = -
(Y1,Y2)€R(b) =1

is the partition function. We introduce g5 (0|u;, w;), go(1|wi, 1), . . ., go(b—1|u;, uj)
defined by

(klui,uj) aef- {0 k (k =0),
eIt Ui S fyi b =y Juiug) (k€ {1,2,...,b—1}).

It is clear that 0 = g5 (0]us, uj) < gp(L|ui,uj) < -+ < gp(b— 1jus,u;) =1 and

(0 (k=0),
9 (klus, ug) = {ZL C sy g, I (b = " (k€ {1,2,...,b— 1}).



3.1 Markov Chain for Approximate Sampler

We describe our first chain M* with state space 2 (the discretized simplex).
Given a current state X € (2, we pick an ordered pair of mutually distinct indices
(i,7) €{1,2,...,n} x{1,2,...,n} uniformly at random and generate a random
number A € [0,1). Then transition X — X' with respect to (¢,j) and A takes
place as follows.

Markov chain M*

Input: A current state X € (2, a randomly chosen ordered pair of mutually
distinct indices (i,j) € {1,2,...,n}? and a random real number X € [0, 1).

Step 1: Put b= X,; + X;.

Step 2: Let k € {1,2,...,b— 1} be a unique value satisfying

go(k — ui,uz) <X < gy(klui, uj).

ko (£=1),
Step 3: Put X, :=¢ b—k ({ =),
X, (otherwise).

Given a state X € (2, an ordered pair of mutually distinct indices (i, j), and a real

number A € [0, 1), we denote the state X' determined by the above procedure

by (X, (i,7),A) = 'd Clearly, this chain is irreducible and aperiodic. Since

the detailed balance equations hold, the stationary distribution of chain M* is
the discretized Dirichlet distribution.

We will show the following theorem, which gives an upper bound of the
mixing time of our first chain M#4.

Theorem 4 The mizing time 72 () of the Markov chain M* satisfies
™(e) < (1/2)n(n — 1) In((A —n)e™).

This theorem appears in [16] with an outline of the proof. In Section 4.1, we
refine the proof in [16] and go into detail.

3.2 Perfect Sampling Algorithm

We describe our second chain MPF for our perfect sampling algorithm. Given a
current state X € {2, we generate a random number A € [1,n). Then transition
X — X' with respect to A takes place as follows.

Markov chain M

Input: A current state X € {2 and a random number A € [1,n).
Step 1: Puti:= [\ and b:= X, + X;14.

Step 2: Let k € {1,2,...,b— 1} be a unique value satisfying

gb(k = ui,uip1) < (A= [A]) < go(Flui, wi1)-



Eoo(0=i),
Step 3: Put X;:=¢b—-k({=i+1),
X¢ (otherwise).

The update function ¢ : 2% [1,n) — (2 of our chain is defined by ¢(X, ) def xr

where X' is determined by the above procedure. Clearly, this chain is irreducible
and aperiodic. Since the detailed balance equations hold, the stationary distri-
bution of chain MF is the discretized Dirichlet distribution.

When we discuss the mixing time of chain MP, we assume the following
condition.

Condition 1 Parameters are arranged in non-increasing order, i.e.,
Up > Uy > 2 Unp.

We can assume Condition 1 by sorting parameters in O(nlnn) time. Then we
have the following result.

Theorem 5. Under Condition 1, the mizing time T () of MY satisfies
™(e) <n(n —1)%In(n(A — n)/(2)).

Next, we propose a perfect sampling algorithm based on the monotone CFTP
algorithm. We introduce a specified pair of states Xy, X1, € 2 defined by

Xo % (A-n+1,1,1,...,1), X, < (1,1,...,1,A—n+1).

Algorithm 1

Step 1. Set the starting time period T := —1 to go back, and A be the empty
sequence.

Step 2. Generate random real numbers \[T|,A[T' +1],...,A[[T/2] —1] € [1,n)
and put A = [T, \[T —1],...,A\[-1]).

Step 3. Start two chains from Xy and X7, respectively at time period 7', and
run them to time period 0 according to the update function ¢ with the
sequence of numbers in .

Step 4. [Coalescence check]

(a) IfIY € 2, Y = 8%(Xy, A) = %.(X1, A), then return ¥ and stop.
(b) Else, update the starting time period T := 2T, and go to Step 2.

The function 452 (x, A), which has appeared in Section 2, is defined by

812 (2, ) = G(p(- - (¢, Alta]), ..., Alta — 2]), At — 1]).

Here we note that we could also employ Wilson’s read once algorithm [24] and
Fill’s interruptible algorithm [9, 10], each of which also gives a perfect sampler.
We have the following results on the above sampling algorithm.

Theorem 6. With probability 1, Algorithm 1 terminates and returns a state.
The state obtained by Algorithm 1 is a realization of a sample exactly according
to the discretized Dirichlet distribution.

Theorem 7. Under Condition 1, the expected number of transitions executed in
Algorithm 1 is bounded by O(n®In A).

10



4 Analysis of Mixing Times

In this section, we introduce two joint processes and analyze the mixing times
of our chains by using path coupling method. First, we introduce an undirected
graph G = (£2,€) with a vertex set {2 and an edge set £ defined as follows. A pair
of vertices (states) {X,Y} is an edge of G if and only if (1/2) Y, |X;=Y;| = 1.
Clearly, the graph G is connected. For each edge e = {X,Y} € £, there exists a
unique pair of indices ji,j2 € {1,...,n}, called the supporting pair of e, satisfying

. V.| = 1(16{]1,]2}),
X = Yi| = {0 (otherwise).

In the following subsections, we introduce two edge length functions.

4.1 Mixing Time of Markov Chain for Approximate Sampler

To estimate the mixing time of our first chain M*, we put a weight of every
edge in the graph G = (£2,€) to 1. Then the distance between a pair of states
X,Y € 2 denoted by d*(X,Y), is equal to the length of a shortest path on
G from X to Y where the length of a path is equal to the number of edges
contained in the path. For any state X € £2, we define d*(X, X) = 0. It is clear
that the diameter of graph G, the distance between a farthest pair of vertices,
is equal to A — n.

We define our first joint process by (X,Y) — (¥(X, (i,7), ), v (Y, (1,5),\))
with a randomly chosen ordered pair of mutually distinct indices (7,7) and a
uniform real random number X € [0,1), where ¢ is the function defined by the
chain M* in the previous section.

Proof of Theorem 4: For any pair of states {X,Y} € &, we estimate the
expected distance between X’ and Y' obtained by the above joint process i.e.,

(X" Y") = (0(X, (4,7), A), ¥ (Y, (4, 5), A))-
Clearly from the definition of our chain M*, X! is a unique value k' satisfying

gbr(k, — ].|’U,i,’U,j) <AL (/% (k’|ui,uj)

where b < X, + X ;. Similarly, Y} is a unique value k" satisfying

gor (K" = ui,uz) <A< gy (K" |us, uj)

r def. Y; +Y;. We need to consider following four cases.

where o'
Case 1: If the pair of indices {i, j} is disjoint with the supporting pair of {X, Y},
then b’ = " and thus we have Xj = k' = k" = Y/. It directly implies that
{X")Y'} € £ and dA(X",Y") =d*(X,Y) = 1.

Case 2: If the pair {3, j} is the supporting pair of {X, Y}, then ' = b’ and thus
we have X/ = k' = k" =Y. It directly implies that X' = Y" and d* (X', Y") = 0.
Case 3: Counsider the case that the ordered pair of indices (i, j) satisfies that i is
in the supporting pair of {X,Y} and j is not. Without loss of generality, we can

11



assume that X; = Y;+1 and thus we have that X;+X,; =0 =0"+1 =Y;+Y;+1
since X; =Y.
Lemma 4 in Appendix section implies the following inequalities,

0 = gprr41(0lui, uj) = gor (Olwi, wj) < gorir (Hui, uy) < gor(Nug,ug) < -+
< gorgr(k = Lug,uj) < gy (k= ui, ug) < gorgr (Klug,ug) < -
< gy (0" = Luiyug) < gor (0" = Lug,uz) = g1 (0" uiy uy) = 1,

which we will call alternating inequalities. For example, if inequalities
gy +1(k = Lug, uz) <A< gyr(k = Lui,u;) < govga(klug, u;)
hold, then X! =k > k—1=Y/. And if
gy +1(k = Lug, uz) < gy (k= ui, uj) <X < goo g1 (klug, uj)

hold, then X! = k =Y. Thus we have

X! 1\ [(2\ [(2\ (3 B -1\ (b
Y*il € 1/°\1 ) \2/)\2/) > \pr—1)°\p'=1
(see Figure 2). Since X; = X, and Y,/ =Y, for all £ € {1,2,...,n}\ {i,j}, and

Xi+ X, =0 =0"+1=Y/+Y/+1, we have that {X',Y'} € £ and thus
dMNXLYY) = dMX,Y) = 1.

gb”+1(0) gb”+1(1) gb”+1(2) gb”+1(b” -1) N gb”+1(b”)
I ) — ) T ) T
951 (0) g (1) g1 (2) gprr (0" — 1)

Fig. 2. A figure of alternating inequalities. In the above, we denote gy (k|u;, u;) and
o +1(klui, u;) by gur (k), gy 41(k), respectively.

Case 4: Consider the last case that the ordered pair of indices (i,7) satisfies
that j is in the supporting pair of {X,Y} and 7 is not. We can show that
d*(X'Y') = 1 in a similar way to that of Case 3.

In Cases 1, 3 and 4, the distance between X' and Y’ is equal to 1. When
Case 2 occurred, the distance between X' and Y’ decreases to 0. Since the
probability of the event that Case 2 is selected is equal to 2/(n(n — 1)), the
expectation of the distance E[d(X',Y")] becomes to 1 —2/(n(n—1)). Theorem 1
(Path Coupling Theorem), briefly reviewed in Section 2, shows that the mixing
time 74 (g) satisfies 74 (g) < (1/2)n(n — 1) In((A — n)e1). O
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4.2 Mixing Time of Markov Chain for Perfect Sampler

We define the length I¥(e) of an edge e = {X,Y} € £ by

IP(e) = (1/(n— 1) X0 (n— i)

where j* = max{ji,j2} > 2 and {j1,j=} is the supporting pair of e = {X,Y}.
Note that 1 < mineee I¥(e) < maxeee (¥(e) < n/2. For each pair X,Y € 2,
we define the distance d¥(X,Y’) by the length of a shortest path between X
and Y on G with respect to the edge length function {¥. Clearly, the diameter
of G, i.e., max(x yyen2 d" (X,Y), is bounded by n(A —n)/2, since d”(X,Y) <
(1/2) S, (1/2)[X; — Yi| < (n/2)(A = n) for any (X,V) € 2.

We define our second joint process by (X,Y) — (¢(X, ), #(Y,\)) with uni-
formly random real number A € [1,n), where ¢ is the update function defined
by the chain MF in Section 3.

Proof of Theorem 5: For any pair of states {X,Y} € &, we estimate the
expectation of the distance between X' and Y’ obtained by the above joint
process i.e., (X', Y") = (¢(X, A), #(Y,\)) where A € [1,n) is a uniformly random
real number. More precisely, we show that

E[d”(X',Y")] < (1= 1/(n(n - 1)*))d" (X,Y). (1)

In the following, we denote the supporting pair of {X,Y} by {j1,j2}. Without
loss of generality, we can assume that j; < jo, and X;, +1=Y,.

Case 1: When |A] = j» — 1, we will show that
E[d” (X" Y|\ = j2 = 1] <d"(X,Y) = (1/2)(n — j2 + 1)/ (n = 1).

In case j1 = jo — 1, we have X' = Y’ with conditional probability 1. Hence

d¥(X',Y'") = 0. In the following, we consider the case j; < jo — 1. Put b’ =

Xjo—1+ X, and "' =Y;, 1 +Y;,. Since X;, +1 =Y}, b' +1 = b" holds. From

the definition of the update function of our Markov chain, we have followings,
Xiy 1=k e gy (k= uj—1,uj,) <A = [A] < gy (kluj,—1,u;,)]

Vi1 =k & [gp1(k = Hujy—1,uj,) <A = [A] < gy (klujo—1,u5,)]

2

Lemma 4 in Appendix section implies the following inequalities,

0 = g1 (0fujo—1,u5,) = gy (Olerjo—1,uj,)
< gb’+1(1|uj2717u]'2) < gb’(””jz*l’ujz) <
< gb’+1(bl - 1|’U‘j2717uj2) < gb’(bl - 1|’U‘j2717uj2) = gv'+1 (bl|uj2717uj2) =1.

Thus we have

7)< d6)- () G)-G) - Gma) (7))
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97 (0) gpr (1) 9 (2) ) gur (b = 1)
() —— () —— (0 ——

9p +1(0) gpr41(1) 9 +1(2) 9o 41 (" = 1) gor41(b")

Fig. 3. A figure of alternating inequalities. In the above, we denote gy (k|ujs—1,u;,)
and gpr 1 (k|ujy—1,%55) by gur (k), gor 11 (k), respectively.
(see Figure 3). If X _; =Y} _;, the supporting pair of {X',Y"} is {j1,j2} and
thus d¥(X',Y") = d(X,Y). If X}, 1 #Y}, ,, the supporting pair of {X',Y"}
is {j1,52 — 1} and so d¥ (X", Y") =d"(X,Y) — (n — jo + 1)/(n — 1).

Lemma 5 in Appendix section shows that the condition w;,—1 > u;, implies
the inequality

PrIX], 4 # VY 4lA) = o — 1] = Pr[X}, =V, ||\ = ja—1]
= Y0 g (kluge—1, 1) — gy (Bluujy -1, uj,)]
— S0 v (Blugy 1, ug) — g (k= gy —1,u5,)] > 0
and thus we have

Pr{X}, 4 = Y}, |[A = jo

j2—1 2

Pr[le‘zﬂ # Yj;AHM = Jo

1]
1]

(1/2),
(1/2).

We need Condition 1 to show Lemma 5. From the above, we obtain that

<
>

Eld" (X", YA = j2 = 1] < (1/2)d"(X,Y) + (1/2)(d"(X,Y) = (n = j2 + 1)/(n — 1))
=d"(X,Y) = (1/2)(n = j2 + 1)/(n = 1).

Case 2: When |\| = ji, we can show that E[d” (X', Y")|[\] = j2] < d¥(X,Y)+

(1/2)(n — j2)/(n — 1) in a similar way with Case 1.

Case 3: When |A] # jo» — 1 and |\| # jo, it is easy to see that the supporting

pair {j!,75} of {X', Y} satisfies jo = max{j{,j5}. Thus d* (X,Y) = d¥ (X', Y").
The probability of appearance of Case 1 is equal to 1/(n — 1), and that of

Case 2 is less than or equal to 1/(n — 1). From the above,

1 ln—jg-l-l 1 ln—jg
n—12 n—1 n—12 n-1
1 1
n—1)2 maX{X7y}eg{dP(X,Y)}

E[dP(Xla Yl)] < dP(Xa Y) -

- - s (3

= <1 - ﬁ) d°(X,Y).

Since the diameter of G is bounded by n(A —n)/2, Theorem 1 implies that the
mixing time 7F (¢) satisfies 77 (g) < n(n — 1)2In(n(A — n)/(2¢)). ]

) d°(X,Y)
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5 Analysis of Perfect Sampling Algorithm

In this section, we discuss the correctness and the time complexity of Algo-
rithm 1, and prove Theorems 6 and 7.

5.1 Correctness

In Subsection 2.3, we described monotone CFTP algorithm and Theorem 3 (the-
orem of monotone CFTP). Thus we only need to show the monotonicity of our
chain MF defined by the update function ¢.

First, we introduce a partial order on the state space (2. For any vector
X € (2, we define the cumulative sum vector cx € ZT‘I by

c (i)dif- 0 (i =0),
X B X1+X2+"‘+Xi (7:6{].,2,...,11}),

where cx = (cx(0),cx(1),...,cx(n)). Clearly, there exists a bijection between
2 and the set {cx | X € 2}. For any pair of states X,Y € 2, wesay X » YV
if and only if cx > cy. It is clear that the relation “>” is a partial order on f2.
We can see easily that VX € 2, Xy = X » XL

We say that a state X € 2 covers Y € (2 (at j), denoted by X->= Y (or
X+;Y), when

ex (i) = oy (i) = {1 (i =),

0 (otherwise).
Note that X ;Y if and only if
+1 (i =1J),
Xi=Y;=q-1 (i=j+1),
0  (otherwise).

Next, we show a key lemma for proving monotonicity.
Lemma 1. VX, VY € 2, VA€ [1,n), X+ Y = ¢(X,\) = ¢(Y, A).

Proof: In the following proof, we assume that the index j satisfies that X, Y.
We denote ¢(X, A) by X’ and ¢(Y, A) by Y for simplicity. For any index i # |A],
it is easy to see that cx (1) = cx/ (1) and cy (i) = ¢y (i), and so cx/ (i) — cy (i) =
cx (i) —cy(i) > 0 since X = Y. In the following, we show that cx:(|A]) >
ey ([A]):

Clearly from the definition of our chain MF, X b‘ [ is a unique value k' sat-
isfying

gy (K" = Tuxp, uag1) < (A= [A]) < gy (K'Jupag, wag+1)

where b’ < Xz + X|r|41- Similarly, YLIXJ is a unique value k' satisfying
gy (K" = Lupap,upag1) < A= [A]) < gy (K" |y, wpag 1)
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where b < Y5 + Y|xj41- We need to consider following three cases.

Case 1: Consider the case that [A] # j—1and [A| # j+ 1, where j is the index
satisfying X'+-; Y. Then b’ = b" holds and thus we have X', = k' =k" =Y/,
which implies cx/([A]) > cy/([A]).
Case 2: Consider the case that [A\| =j — 1. Since X +; Y, we have b’ =b" + 1.
From the definition of cumulative sum vector,
cx ([A]) —ev (M) =ex (G —1) —ey (G = 1)
=cx'(j—2)+Xj —ey(j—2) - Y],
—cx(j-2)+ X —cy(j—2) -V, =X|_, Y.
Thus, it is enough to show that X} _; >V, ;.
Lemma 4 in Appendix section implies the following alternating inequalities
0 = gpr41(0luj—1,uj) = gor (Oluj—1,u;) < gorp1(Huj—1,uz) < gor (L|uj—1,u5) < -+
< gpr1 (k= Hujo1,u;) < gor(k = Huj—1,u5) < gorpr (kluj—1,uy) < -
< g (0" = w1, uy) < gor (V" = L1, uy) = gy (0" |ujz1,u) = 1.
If inequalities
gyrr (k= uj1,uz) < A= [A]) < g (k= L1, u) < goryr (Kluj1,u;)

hold, then X{AJ =k>k—-1= YLIAJ' And if

gyr1(k = Huj_1,u;) < gy (k= Hujr,u5) < (A = [A]) < gorp1 (kluj—1,uy)

hold, then X{AJ =k= YLIAJ‘ Thus we have

(7)) ()(5) () (m) (o))

(see Figure 4). From the above, we have that X}, > Y/ ;.

gb”+1(0) gb”+1(1) gb”+1(2) gb”+1(b” - 1) " gb”+1(b”)
oL (1) T () = (3) T () o e ()
951 (0) g (1) g1 (2) gprr (0" — 1)

Fig. 4. A figure of alternating inequalities. In the above, we denote gy (k|uj—1,u;) and
gor+1(kluj—1,u;) by gorr (k), gy 41 (k), respectively.

Case 3: Consider the case that |[A\| = j + 1. Since X#; Y, we have b’ +1 = b".
From the definition of cumulative sum vector,

ex/([A]) —cy (IA]) =cx/(j+1) —cy (j + 1)
=cx(j) +XJI'+1 —cy(j) — le+1
=cx(j) +X]I‘+1 —cy(j) - le+1 =1 +X]I‘+1 - le+1-
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Thus, it is enough to show that 1 + X}, > V/,,.

Then Lemma 4 also implies the following alternating inequalities

= gr+1(0|ujt1, ujp2) = gy (Oluji1, ujso)

< g1 (Hujpr, ujp2) < gy (Hujpr, ujpe) < -

< g1k = Hujpr, ) < gor(k — Uujpr, ujve) < gora(klujpn, ujpe) < -
S g1 (0 = Hujpr, ujee) < gy (b = Uujir, ujrn) = gorpr (0 ujen, ujpe) = 1.

Then it is easy to see that

() () (6)(3) () mn) (7))

(see Figure 5). From the above, we obtain the inequality 1+ X7, > Y/,,. 4

95 (0) gy (1) 9y (2) gpr (b — 1)
() () () () e ()
gb’+1(0) gb’+1(1) gb’+1(2) gb’+1(b’ -1) gb’+1(b1)

Fig.5. A figure of alternating inequalities. In the above, we denote gy (k|u;j+1,u;j+2)
and gpr 1 (k|uj41,uj42) by ge (k), gor 11 (k), respectively.

Lemma 2. The Markov chain MY defined by the update function ¢ is monotone
with respect to “ =7, i.e., VA€ [L,n), VX,VY € 2, X =Y = ¢(X, ) = (Y, \).

Proof: It is easy to see that there exists a sequence of states Z;, Zs, ..., Z, with
appropriate length satisfying X = Z1-> Zy-> ----> Z. = Y. Then applying
Lemma 1 repeatedly, we can show that ¢(X,\) = ¢(Z1,A) = ¢(Z2,A) = --- =
¢(Zr7 >\) = ¢(Y, >‘) [
Lastly, we show the correctness of our algorithm.
Proof of Theorem 6: From Lemma 2, the Markov chain defined by the up-
date function ¢ is monotone with respect to the poset (£2,>). It is clear that
(Xu, X1,) is a unique pair of maximum and minimum states. Thus, Algorithm 1
is a monotone CFTP algorithm and Theorems 2 and 3 implies Theorem 6. 5

5.2 Expected Running Time

In the rest of this section, we prove Theorem 7 by estimating the expectation of
coalescence time T, € 7 defined by

T, L min{t>0]Iy e, Voen, y=3",(z,\)}
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Note that A is a sequence of random numbers and thus 7 is a random variable.

In [20], Propp and Wilson showed an inequality which gives an upper bound
of coalescence time by using mixing rate of corresponding chain. When we employ
their result straightforwardly with the (upper bound of) mixing time obtained
in Theorem 5, the obtained coalescence time is not tight. In the following, we
use their technique carefully and derive a better bound of the coalescence time.

Lemma 3. Under Condition 1, the coalescence time Ty of M satisfies E[T\] =
O(n3In A).

Proof. Let G = (£2,€) be the undirected graph and d¥ (X,Y), VX,VY € (2, be

the metric on GG, both of which are defined in Section 4.

We put D* < d¥(Xy, X1) and 7o def- n(n — 1)(1 + In D*). By using the

property [X #Y & 1 < d¥(X,Y)] and the inequality (1) obtained in the proof
of Theorem 5, we have that

Pr[T, > 7o) = Pr [#°, (Xy,A) # 8% (X1, A)] = Pr [$7°(Xu, A) # &5° (X1, A)]

) —T0
< Z(X,Y)GQZ dP(X7 Y)Pr [X = &’ (Xu, )‘)7Y =&y’ (X1, A)]
1

m) d(Xu, X1)

1 n(n—1)2(1+lnD*) . 1
=(1-— D* < e le™InD D* < —.
n(n —1)2 e

=E[d" (85°(Xu, A), &5° (X1, A))] < (1 —

By submultiplicativity of coalescence time (see [20] for example), for any k € Z,
Pr[T, > k7o) < (Pr[T, > 7])* < (1/e)*. Thus

E[T*] = Zzo tPI‘[T* = t] S To + ToPI‘[T* > T()] + T()PI‘[T* > 27’0] + -
<m+m/et+T/e?+ - =1/(1—1/e) <21 = 2n(n —1)*(1 +1n D*).

Clearly, D* < n(A —n)/2 < A? because n < A. Then we obtain the result that
E[T.] = O(n®In A). =

Lastly, we bound the expected number of transitions executed in Algorithm 1.

Proof of Theorem 7: We denote T, be the coalescence time of our chain MPF.
Put K = [log, T.]. Algorithm 1 terminates when we set the starting time period
T = —2K at (K + 1)st iteration. Then the total number of simulated transitions
is bounded by 2(2°0 + 2! + 22 4+ ... +2K) < 2.2.2K < 8T, since we need to
execute two chains from both Xy and Xj,. Thus the expectation of total number
of transitions of MY is bounded by O(E[8T.]) = O(n®In A). O
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6 Experimental Study

In this section, we report simulation results. Through all simulations, we use
Mersenne Twister [25] as a pseudo-random generator. We ran (almost all) sim-
ulations on the PC Linux machine with following specifications.

Machine: Dell Precision 450

CPU: Intel Xeon 2.8GHz (FSB 533MHz) x 2

OS: RedHat Linux 8.0 (Kernel 2.4.18-14smp)
Memory: Dual channel PC2100 DDR SDRAM 2GByte
Compiler: Intel C++ Compiler 7.0

The difference of our two Markov chains are the choice of indices and thus the
computational effort required in each transition is (almost) irrelevant to chains.
The real running time of 10'° transitions by the above machine is between 2~6
hours.

Approximate Sampler: For each setting of parameters, we ran 10° processes
of chain M*. For each Markov chain process, we chose a random seed deter-
ministically and transitions are executed 50 steps. The initial state is an integer
vector in {2 obtained by rounding (A/n,...,A/n). (In Section 6.3, we slightly
change the above settings.)

Perfect Sampler (Algorithm 1): For each setting of parameters, we executed

Algorithm 1 (perfect sampling algorithm) 10* times. For each execution, we chose
a random seed deterministically and check the coalescence time T, exactly.

6.1 Influence of Dirichlet Parameters

First, we show results on the relation between Dirichlet parameters and mix-
ing time. We fixed the dimension n to 4 and the discretizing grid size 1/A to
1/100. We selected the vector of Dirichlet parameters from (1,1,1,1), (4, 3,2, 1),
(2,1.5,1,0.5), (0.1,0.1,0.1,0.1), (0.4,0.3,0.2,0.1) and (10=°,107%,1075,1075).
We note that the case (1,1,1,1) corresponds to the uniform distribution over (2.

Figure 6 shows results of our approximate sampler based on M*. Along the
vertical axis we give the total variation distance € between the true distribution
and the probability distribution obtained by 10° processes. The horizontal axis
means the number of transitions of chains from the initial state. As Figure 6
shows, the decrease of total variation distance are saturated at about 0.005,
though it must descend constantly. This is caused by the limitation of the number
of samples (10?), that is, the total variation distance has a positive lower bound.
Figure 6 shows that the larger number of transitions we execute, the smaller
the difference will be. Aside from this saturation, we can see that if the value
of a Dirichlet parameter is greater than or equal to 1, the mixing time is less
than the case that values of all Dirichlet parameters are less than 1. The above
discussions are limited, because we only dealt with the case that n = 4.

Table 2 show the distributions of coalescence times of our CFTP algorithm.
Contrary to the approximate sampler, the coalescence time becomes smaller
when the values of all Dirichlet parameters are less than 1.
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Fig. 6. Approximate Sampler: Influence of Dirichlet parameters (u1,u2, us, u4).

Table 2. Perfect Sampler: Influence of Dirichlet parameters (u1,uz, us, ua).

20 30 40
# of transitions

50

coalescence time
n 1/A (u1, uz, us, us) ave. (s. d.) max. min.
4 1/100 (1,1,1,1) 45.5 (16.4) 129 4
41/100 (4,3,2,1) 41.3 (13.1) 114 9
41/100 (2,1.5,1,0.5) 39.6 (14.5) 127 3
41/100 (0.1,0.1,0.1,0.1) 34.9 (17.9) 141 3
41/100 (0.4,0.3,0.2,0.1) [36.4 (17.5) 140 3
41/100 (1075,107%,107°%,1075)(33.2 (17.7) 125 3

ave.: average, s. d.: standard deviation

6.2 Influence of Grid Size

Next, we confirm how the grid size 1/A contribute to the mixing time. We
fixed the dimension n to 4 again and the parameter to (1,1,1,1). We chose A
from 10, 20, 50, 100, and 200.

Figure 7 gives results on our approximate sampler. We plotted the total vari-
ation distance € for each A. This figure shows that A will have little contribution
to the mixing time. More specifically, until the decrease of ¢ is saturated, the ra-
tios of decreasing have little difference for each A. In the proof of Theorem 4, the
term (A —n) is artificially introduced as the diameter of the graph G = (2, A).
These experimental results, however, suggest that the mixing time of M* does
not depend on A and thus M* gives a strongly polynomial time approximate
sampler. This property is substantiated by the fact that the diameter of our
chain is bounded by n and independent of A.

For perfect sampler, we added the case that A = 400 and 16-dimensional
cases. Table 3 shows the distributions of coalescence times. The average coales-
cence time increases with respect to A. Thus, it seems that the coalescence time
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of chain MP includes a linear term of In A and thus MF gives not strongly but
weakly polynomial time sampler.

total variation distance

107% ST ]

0 10 20 30 40 50
# of transitions

Fig. 7. Approximate Sampler: Influence of grid size 1/A.

6.3 Influence of Dimension

Finally, we checked the influence of the dimension n. For approximate sam-
pler, we fixed the discretizing grid size 1/A to 1/26 and chose the dimension n
between 3 and 13, because of restriction of the memory. We also fixed each pa-
rameter to 1. For each setting of the dimension, we ran 2 x 10° processes of
chain M” with the initial state (A —n + 1,1,...,1). We show all results in
Figure 8. Since our purpose is to compare the mixing time and dimension, we
picked up the first time instance that the total variation distance e falls short
of 0.5, 0.2, 0.1, and/or 0.05. These picked time instances are marked by e, o, m
and o respectively in Figure 8. In Figure 8 (b), we show the results for each e.
Though accurate consideration cannot be made because of the insufficient range
of dimension, our results indicate that the mixing time of M? is o(n?).

For perfect sampler, we added the cases that A = 400 and (uy,...,u,) =
(0.5,...,0.5),(2,...,2). Table 4 shows the distributions of coalescence times.
The results convince the tightness of our bounds, i.e., both the mixing rate and
the coalescence time of Algorithm 1 are ©(n?) for fixed A.

7 Discussion
In this paper, we proposed two Markov chains M* and MY for sampling a

random vector distributed according to a discretized Dirichlet distribution. We
also showed that the mixing rates of M* and MF are bounded by O(n?log A)
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Table 3. Perfect Sampler: Influence of grid size 1/A.

coalescence time
n 1/A (ui,uz,...,un) ave. (s.d.) max. min.| P
4 1/10 (1,1,1,1) 24.9 (13.1) 107 3| 10.8
4 1/20  (1,1,1,1) 322 (144) 121 3| 10.7
4 1/50 (1,1,1,1) 40.1 (15.8) 150 3| 10.3
4 1/100 (1,1,1,1) 45.5 (16.4) 129 4| 9.9
4 1/200 (1,1,1,1) 50.5 (17.3) 153 6] 9.5
4 1/400 (1,1,1,1) 55.6 (18.0) 149 8 9.0
16 1/20 (1,1,...,1) 2,030.7 (940.1) 7,617  308|469.9
16 1/50 (1,1,...,1) 3,612.4 (978.0) 10,967 1,236|640.1
161/100 (1,1,...,1) | 4,303.7 (1,000.2) 11,612 1,942|647.8
16 1/200 (1,1,...,1) 4,888.2 (1,017.4) 10,530 2,235|639.5
16 1/500 (1,1,...,1) 5,624.8 (1,028.9) 12,334 3,001|627.4
16 1/10°  (1,1,...,1) | 6,152.6 (1,048.9) 15,050 3,376|617.4
16 1/10°  (1,1,...,1) | 7,899.4 (1,113.5) 15,388 4,862|594.5
16 1/105 (1,1,...,1) 9,626.1 (1,133.3) 15,961 6,341|579.5
16 1/106 (1,1,...,1) |11,368.5 (1,180.5) 17,790 7,768|570.4
16 1/107 (1,1,...,1) |13,086.4 (1,216.0) 19,576 9,346|562.8
16 1/108 (1,1,...,1) |14,826.5 (1,271.0) 22,178 10,984|557.9
16 1/109 (1,1,...,1) |16,559.6 (1,308.0) 23,744 12,631|553.9

ave.: average, s. d.: standard deviation

and O(n®log A) respectively, by using path coupling method where n is the
dimension and 1/A is the discretizing grid size. The obtained bounds of mixing
rates do not depend on the magnitudes of parameters. By employing Propp
and Wilson’s results on monotone CFTP algorithm, we can construct a perfect
sampling algorithm based on MF. The expected number of transitions required
in our perfect sampling algorithm is bounded by O(n?3log A)

Our second chain MY is obtained from our first chain M* by restricting
possible pairs of indices (to be updated) from n(n — 1)/2 to n — 1. Thus, it
seems that MY is ©(n) times slower than M*. However, our computational
experience indicates that our two chains have totally different features. Our
results of simulations say that the mixing rate of M is independent of the grid
size 1/A and bounded by o(n?). However, strong polynomiality of the mixing
rate of M” remains open even in the case that all the parameters are greater
than or equal to 1. On the contrary, the results of simulations convince that the
coalescence time of chain MY is ©(n?log A). Thus, the time complexity of our
perfect sampling algorithm is weakly polynomial of the input size. To construct
a strongly polynomial time perfect sampler, it seems that we need a different
Markov chain. In case of uniform distribution, Randall and Winkler [22] proposed
a strongly polynomial time ‘approximate’ sampler which mixes in ©(n3logn).

The key property for constructing our chains and perfect sampling algo-
rithm is the alternating inequalities shown in Lemma 4. The property appears
implicitely in Dyer and Greenhil’s paper [6], which proposed an approximately

22



0 T T T T T T T T T — 77—
10 o e =0.05 o
F m e =01 b
o ¢ =02 °
r e g =05 o =
3 r o - T
S WRORCERNR IR SRS 2 .
Z b Q o 50k o o ]
= o 'z . o
S107 1 & | o . ° |
g 5 oo 0
2 y y N N N § & N Np=13 w* r . ° . *
g m o o o .
2 2 L Lo oo . 1
1 . ° .
p o 10 L oo . ]
H .
h=3 4\ 5 6\ 7 g PO
10—2 L L L L L b L L or ., . T
0 50 100 5 10
# of transitions dimension
(a): Dimension and total variation distance. (b): Dimension and mixing time.

Fig. 8. Approximate Sampler: Influence of dimension n.

uniform sampler for 2 x .J contingency tables. Matsui, Matsui and Ono [17] ex-
tended their result to 2 x 2 x --- X 2 x J contingency tables with conditional
multinomial distributions. Recently, Kijima and Matsui [13] proposed a class
of logarithmic separable concave distributions defined on a discretized simplex
and showed that every probability function in the class satisfies the alternating
inequalities. The result implies that there exist a perfect sampler and a weakly
polynomial time approximate sampler with respect to every probability function
in the class. The class includes discretized Dirichlet distributions whose Dirichlet
parameters are greater than or equal to 1. The difficulty of proving Lemma 4
results from the cases that all the Dirichlet parameters are less than 1.

To show the polynomiality of our perfect sampling algorithm, we need a
specified edge length function defined in Subsection 4.2, and the property shown
in Lemma 5. The edge length function originated from Kijima and Matsui’s
recent paper [12] which proposes a polynomial time perfect sampling algorithm
for 2 x J contingency tables. The main difference is that when we deal with the
uniform distribution on 2 x J contingency tables, the transition probabilities of
the Markov chain are predetermined. However, in case of discretized Dirichlet
distribution, the transition probabilities vary with respect to the magnitude of
parameters. Thus, we need complicate discussions in the proof of Lemma 5,
especially in cases that all the Dirichlet parameters are less than 1. Showing
the inequality appearing in Lemma 5 is much easier in case of the uniform
distribution on 2 x J contingency tables.
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Table 4. Perfect Sampler: Influence of dimension n.

coalescence time

n 1/A  (ur,uz,...,un) ave. (s. d.) max. min. |2 (13‘:3')
3 1/20 (1,1,1) 10.2 (5.4) 42 2] 1.54
41/20  (1,1,1,1) 32.2 (14.4) 121 3| 1.92
51/20  (1,1,...,1) 71.3 (29.1) 238 6| 2.09
6 1/20 (1,1,...,1) 129.4 (48.8) 454 14| 2.16
7 1/20  (1,1,...,1) 213.3 (79.6) 754 36| 2.24
41/400 (L,1,1,1) 55.6 (18.0) 149 8] 2.90
81/400 (1,1,...,1) 611.1  (134.4) 1,502 218| 3.09
16 1/400  (1,1,...,1) 54315  (1,034.4) 12,806 2,550 3.10
321/400  (1,1,...,1) 453248 (8,146.6) 103,033 27,448 3.09
64 1/400 (1,1,...,1) | 364,470.2 (64,404.3) 860,360 226,763| 3.08
128 1/400  (1,1,...,1) |2,865,607.6 (525,024.8) 6,589,297 1,778,885| 3.06
41/400 (0.5,0.5,...,0.5) 486 (19.6) 162 3] 2.80
8 1/400 (0.5,0.5,...,0.5) 577.2  (156.4) 1,466 152| 3.06
16 1/400 (0.5,0.5,...,0.5) 5,313.5  (1,119.6) 15,007 2,438| 3.09
32 1/400 (0.5,0.5,...,0.5) 44,859.7  (8,458.7) 117,760 24,232 3.09
64 1/400 (0.5,0.5,...,0.5)| 362,574.2 (65,575.4) 843,410 207,957| 3.08
41/400 (2,2,...,2) 60.9 (16.2) 172 20| 2.96
81/400 (2,2,...,2) 635.0  (123.3) 1,741 316| 3.10
16 1/400  (2,2,...,2) 5543.1  (972.4) 13,273 3218| 3.11
321/400 (2,2,...,2) 45,525.0 (7,876.1) 98,410 28,206 3.09
64 1/400 2,2,...,2) 366,243.8 (63,508.6) 830,563 229,377| 3.08

. d.: standard deviation

w |~

ave.: average,

Appendix

Lemma 4. The pair of functions g, and gy1 satisfies that

Vb e {2,3,...}, Vu;,Vu; >0, Vk € {1,2,...,b},

Gor1(k — Lug,uz) < gy(k — 1ug,uj) < gb+1(k|uz‘auj)-

This lemma is essentially equivalent to a lemma appearing in Appendix section
of the paper [16] without proof. Figure 9 illustrates an image of alternating
inequalities.
Proof: In the following, we show the second inequality. We can show the first
inequality in a similar way.

We denote C'(u;,u;,b+ 1) = Cpyq and C(u;,u;,b) = Cy for simplicity. From
the definition of gs(k|u;,u;), we obtain that

H(k) L gyt (klus, uj) — go(k — Lug,uy)
= S Col T (b= 14+ 1) = ST Gyl (b — 1y

= (1= Cot T 7 0= 1+ 1)) = (1= G Do 7 (= 1))
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g6 (0]u;, uy;) go(|ui, uy) gb(2|ui, u;) go(b — 2|ui, u;)

go(b — 1ui, uj)

0 G tp-1w"t  |Cp2uiTtb—2)% ! Cp(b—1)*"11%~t |1
0 Cb+11ui71bu]-71 Cb+12ui71(b_1)u]-71 Cb+13ui71(b_2)u]-71 Cb+1bui711u]-71 1
Got+1(0lui, i) gorr(Lui, uj) Go+1(2(ui, uj) Got1(b — Lui, uj)  got1(blui, uj)

Fig.9. A figure of alternating inequalities, where Cy+1 = C'(u;,uj,b+ 1) and Cp =
C’(ui, uj, b) .

Cp gt (L= D) (b= 1+ 1)~ — oy Sy 1 (b — 1+ 1)
= Tt (G =DM B 1+ 1) = G (b= T+ 1M )
L wi— w;—1 1
= Sl G b= (1= )T - )
Similarly, we can also show that
H(k) = Copr Sy, 1 (b= L4 1) = Gy o 1 (b — D
> Oyt X 1 b= 1+ 1) = Gy 3o, (= D% (b= L4 1)
= S (Co 1% (b= 1+ 1)% L = Gyl = 1)% L (b — 1+ 1) L)
k U;— Uj; — Q — —_ = wi—l
e U R e e (e Y

By introducing the function & : {2,3, ..., b} — R defined by h(l) <" (1- %)ui_l—

C(”j—:l, we have the following equality and inequality
H(k) = iy Col“ 1 (b — 1+ 1) 1A(1) (2)
> = Y, Gl (b= 1+ 1)~ h(l). (3)

(a) Consider the case that u; > 1.

Since u; —1 > 0, the function h(l) is monotone non-decreasing. When h(k) >
0 holds, we have 0 < h(k) < h(k+ 1) < --- < h(b), and so (2) implies the non-
negativity H (k) > 0. If h(k) < 0, then inequalities h(2) < h(3) < --- < h(k) <0
hold, and so (3) implies that H(k) > — Y5, Cyl* 1 (b — 1 + 1)% ~1h(l) > 0.
(b) Consider the case that 0 < u; < 1.

Since u; — 1 < 0, the function h(l) is monotone non-increasing. If the in-
equality A(b) > 0 hold, we have h(2) > h(3) > --- > h(b) > 0 and inequality
(2) implies the non-negativity H(k) > 0. Thus, we only need to show that
h(b) = ()"t — S >0,

In the rest of this proof, we substitute u;; — 1 by a; for all i’. We define a

function Ho (b, i, a;) by Ho(b, s, ) S (b—1)*C, Y, —b* C, L. Tt is clear that
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if the condition [-1 < Va; <0, —1 <Vaj, Vb€ {2,3,4,...}, Ho(b, a;, ;) > 0]
holds, we obtain the required result that h(b) > 0 for each b € {2,3,4,...}. Now
we transform the function Hy (b, a;, ;) and obtain another expression as follows;

Ho(b, s, 05) = (b— 1) Zk“l —k+1)* Zkal s

= zz_l(b — 1)k (b — k 4 1) L=k k=D) o zzzll ki (b — k)

= Shh [ =Dk o=k 1) () + (b= ) 1) (- R ()
—b k(b — k)]

= oy e 114 )Y -k + (14 1) k- (5) T 0-1)].
Then it is enough to show that the function
Hy(b,01,05,8) L (14 55) " 0= 0 + 1+ 5% k= (3) " 06— 1)

is nonnegative for any k¥ € {1,2,...,b—1}. Since 1+1/(b—k) > 1 and a; > —1,
we have

_k)2 o a;
H, (b, 0, 05, k) > Hi (b0, = 1,k) = 580 + (14 1) k= () (0 - 1).

We differentiate the function H; by «;, and obtain the following

0
8ai

(b0, =1, k) = (14 )™ klog (14 4) = (521) ™ (0= 1)log (525
= (1 ) o (1 1) — (14 55) “tog (14 4) .

Since k, b is a pair of positive integers satisfying 1 < k < b—1, the non-positivity
of a; implies 0 < (1+1/k)% < (1+1/(b—1))% and 0 < log(1+1/k)* < log(1+
1/(b—1))b~1. Thus the function H; (b, a;, —1, k) is monotone non-increasing with
respect to a; < 0. Thus we have

(b—h)? b )’
Hl(ba aia_lak) Z Hl(baoa_lak) — b—k+1 + (1 + ) k— (m) (b_ 1)

b—k)2 b—k)24+12—(b—k)?2
:g—k+)1+k_b+1:( )b—k+1( )_b k+120

Lemma 5. The pair of functions g, and gy1 satisfies that
Vb € {2, 3,.. .}, Yu; > V’U,j,

v [on (Blui, wg) = gosr (Blug, ug)] — 32070 (o (klus, ug) — go(k = Lug,ug)] > 0.
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Proof: We denote C'(u;,u;,b+ 1) = Cpy1 and C(u;,u;,b) = C for simplicity.
It is not difficult to show the following equalities,

G L S (o (kluiy ) = g (klui,w))] =S4y (gm0 (Rluwis wg) — gy (k = 1fus, )]
= Yt o (Klus, ug) = 3325 g (lui, ;)
= Y02 vt (Kluiy ) + 32375 gk = i, uy)
= Yoy gn(klui,ug) — S0y gugr (klus, uy)
— S g (klui, ug) + Y0 go(k — Lug, u;)
= T (O X T 0= 007) = S5 (G D T 0= 1))
~ S (G S e - 1) + S (G S e - )
= Gy Y2 (b= DI~ (b= 1)~ = Chpa 2?11( —l>z“i-1<b—z+1>uf—1
~Ch1 i) (b= D -1<b—z+1>uf—1+cb (b—z R
= Cpy 021 (20— 20 — 1)1~ (b= 1)~ = Chyy Soo (26— 20) 1%~ (b — 1 + 1)~}
= GOt ( Gy DIzl @b —20 = Db~ l>uf'-1
e (@b -2y (b — 1+ 1)url)
= O ( (2221 kw1 (b— k + 1)uf—1) (zlb;j(% ol — 1) (h— l)"f—l)
— (ST R o=y ) (S @b — 20 (b — 1+ 1))
= GO ( Shoy TIoi @b =20 = D)™~ (b~ k +1)(b = 1)~
= YA Sy @b — 20) ()T (b = )b — L+ 1))
= GO ( Shoy XIoH @b =20 = D)™~ (b— k +1)(b = 1)~
= Y00 e (26 = 2R) IR (b = Db~k + 1))
= CyChi1 Ypey Sy (2 =20 = (kDS H((b =k + 1) (b — )" 1)
= %(Zk LS @k = 20— (k)M (b — R+ 1)(b— 1)
+ Yoy S0t (k= 20 = (kL) (b~ k)= 1))
= GG (S0 S @k = 2= D) (b= k+ )b =)
+ Yy Dici @bk +1) =20 1) = 1)
(b—k+1D)b-=0))“""((b-0b-k+1)+1)(b—(b— l)))“f‘l)

)
(
(
(

= GG (S, Sz @k =20 = D) (b k+ 1) - D)
— Yo TS 2k = 2= 1)(b— k+ 1) (b= D) (k) )
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= CQs (07 Choia (2K — 2= D)™ (b — k+ 1) (b= )
+ 04y Yyop (2K = 20 = (RN (b =k + 1)(b— 1)
~ Y00 T 2k = 2= 1) (b — b+ 1) (b— 1)~ (kD)™ !
- zz;i Z?;i(% —2A=1)((b—k+ 16— D) k)Y )

(

(2k — 20 = 1)(k) =1 (b -k + 1)(b— 1))~

z? fzk 1y 2k =20 = ) (U(k — 1)~ (b~ 1+ 1)(b— k + 1))~
T S (2 =20 = 1) (b — K+ 1)(b— 1)) (k)

Y Y (k=2 = D((b = [+ Db~ b+ 1)1k~ 1))

= L’g”“ i Z (2k — 21— 1) ( ED“ (b= k+1)(b—1)" !
I=1 k=l+1 —(I(k ))u -1+ )b —k+ 1)t
—((b— kY Db =)~ (k)

H(b =1+ 1) =k + D)= 1k — 1)),
We define a function Go(k,1,u;, u;) by

Golk,Lusyu) € (KD (b= k+1)(b— 1) "
—(I(k=1)“"Y(b-14+1)b-k+1)u""
—((b=k+1)(b—=0)" (k)
+((b—=1+1)(b—k+ 1)1k —1)% 1,

Since 1 <1 < I+1 < k < b, it is clear that (2k—2[—1) > 0. Thus, we only need to

show that VI € {1,2, .. .,b—l}, Vk € {2,3, .. .,b}, Yu; > V’Ltj, Go(l,k?,ui,Uj) > 0.

It is easy to see that

Go(k,l,ui,’u]') =
(= 1)~ b=k + 1)~ (1 ) = D™t = (b= 1+ 1w
(b =k + 1)(b— 1)) m—tgw—t (—k”f_l + (14 fZ)m =t (k — 1)u]._1) .

Then it is clear that Go(k,l,u;,u;) is non-decreasing with respect to u; and
so Go(k,l,u;,u;) > Go(k,l,u;,u;). By substituting u; by u; in the definition
of Go(k,l,u;,uj), it is easy to see that Go(k,l,u;,u;) = 0. Thus we have the
desired result. 0
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