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� v � � n MCMC + 	 

T U 2 � n m � 	 � ��� � 	 
 � )
, � � . 0 1f2 4 5 6 ,�S T U t U
.ql 3��
0 1 2 4 5
6 � Diaconis and Gangolli [1] o -)p Hernek [3] ��0 1 2 4q5 6 	 Dyer and

Greenhill [2] +�L
MP6 �,M����	�
.)l 3��
0�1&2
4)5
6���� @ . 
 ��� ��(
� )�X�J�K -�. 	���� l� , n R�S � 0�1&2 4/5�6�,<T�U�n N O�H��
� ��g�?�0/��PRQ +�VP��W<X .�-P��X�0�1 2�4)5�6�	�N
��,<����c3./l4�,0 ,�n NG6 T�0�132 4)5�6���/70Q�3./N�O�H ��PRQ/� H,I � ����J�	<(��,)�, -�.

c3. l 6 ��+�� U�nO3���0 1&2�4)5�6���n ( ��)�,�J�K3I/P Q)� H,I ��+ -�. �E����
 ��� 	���� .
3�I�+�� I .ql

2.1 MCMC �������4;=< >=?������������
2.1.1 ����!�"�#�$3%
'/(�*

r = (r1, r2), s = (s1, . . . , sn) � �"!��
�%1$# ?P0 X&Q n ∑2
i=1 ri =

∑n
j=1 sj = N (% 6 N �&�"!

� ) 	(',��c*) +-, 13I/cf./l*.�� ���
��+ r n�m
��+ s ���76qn!�
���
��g�	���g
,�I�. 2 � n m
� 2 ����	��*/*0 �(1�h Σr,s 	�n

Σr,s =







X ∈ N
2×n
0 :

n
∑

j=1

Xij = ri ( 1 ≤ i ≤ 2) ,
2

∑

i=1

Xij = sj ( 1 ≤ j ≤ n)







(2.1)

����c l*%76qn N0 �����
����g*/*0 �(1�h,	���c l
3�� Σr,s ,�FG6/U
n21�h Ωl (l = 0, 1, 2) 	

Ωl =

{

Σr,s , l = 0 ,

{X ∈ Σr,s : Xln ≥ dsn/2e} , l = 1, 2 ,
(2.2)

��O*3�c&./l$%76qn Xi,j ����	�� X � i � j m ����g,	���c l
@���n J ∈ {1, 2} ,�FG6)n r 4 n s 4 	�n

r 4 =

{

(r1 − dsn/2e , r2), if J = 1,

(r1 , r2 − dsn/2e), if J = 2,
(2.3)

s 4 =

{

(s1, . . . , sn−1, bsn/2c), if sn > 1,

(s1, . . . , sn−1), if sn = 1,
(2.4)

��O*3�c&./l 3��
r�n ΩJ ,65 @��f./�
	�� X �6/
U XJn ≥ dsn/2e �	� .�?P0)n
|ΩJ | = |Σ

r 4 ,s 4 | (2.5)

2



+��RQ���S�l 6E��+��
U�n

|Σr,s| =

( |ΩJ |
|Ω0|

)−1

|Σ
r 4 ,s 4 | , 0 <

|ΩJ |
|Ω0|

≤ 1, (2.6)

I�X .)lr � ��z��,	�
 T�U�n�Q	S Σr,s ,�F
c3.���� T 	 � �
-��q,�O 3
c3.	�

��

T

i ) Q
S Σr,s ,�F 6/U
��(
, J 	
���
./l

ii ) 3�� J ,�FG6)U�n |ΩJ |
|Ω0|

, r 4 , s 4 	�� ��.ql
iii ) Q
S�	 Σ

r 4 ,s 4 ,���N�cf./l��

��U�n(1�h Σr,s ��1 #
� |Σr,s| 	��,� .�0�1&2 4)5�6�	�` � .)l
@�� n s + 2

� � X�0���n 2 � 2 m ����	�� ����� σ = |Σ(r1,r2),(s1,s2)| �
σ = 1 + min(r1, r2, s1, s2) (2.7)

��������/70 ������ ��� s � 3
��� r� �!
"�# � Σr,s �%$	&�'��
��� T ( R =

∑n
q=3b1 + log2(sq)c )�*,+.-�/10
�

2 2 2 3 !
4�5�6�!�7�# Σ(r1,r2),(s1,s2) �
8,9;:<���1=
!�> � i )@? !
A�B �DC�E�� |ΩJ |/|Ω0|

!
F (
ρi (i = 1, 2, . . . , R) 0G/<��0
� |Σr,s| H

|Σr,s| = σ(ρ1 · · · ρR)−1 (2.8)

I�J�K ��=�0
� I�L ���

2.1.2 MON
P�Q%R<SGT�U�V�W%X�Y%Z�[
\^] �^H  �_�!^`�a@b�ced�f �
C�g�' |Ω0| � |ΩJ | ( JhK ��=�0DH�iDj I^k � ! I ρi = |ΩJ |/|Ω0|
H�������H JOl 9Gm�g��n&�o��qpq'��sr�t Σr,s u 9.v�wGx�y a1zG{ I ρi

!
|�}�~
Zi ( J�K ��=�0

(��������
���

T̂ A�B T �%C�g�'���r�t Σr,s u 9�������w
� c w���(
2�g�� M � ! ��w
� a (�8<����= !
��w�� a�����!%7�# ( S 0G� L � 7�# Ul (l = 1, 2) (

Ul = {X : X ∈ Ωl ∩ S} (2.9)

I } K ����= !�> � J ∈ {1, 2} (

J =

{

1 if |U1| ≥ |U2|,
2 otherwise

(2.10)

I }�� /1��0�� |UJ |/M H |ΩJ |/|Ω0|
!
|�}�~ 0�&G'%��m%/<=�0
� I�L �����

Σr,s � A�B T̂ ( R =
∑n

q=3b1 + log2(sq)c )
*�+.-������ ρi

!�|�}�~
Zi (1 ≤ i ≤ R) (%8,9.:1�G�

= ! Zi (���g���0�� |Σr,s|
!
|�}�~

Z = σ(Z1Z2 · · ·ZR)−1 (2.11)

( J�K ��=�0
� I�L ���

3



2.1.3 �%R��������OU�V�W�	�
���N�
��
N��
 ^_�! v1w�x�y a<z�{ I H�� Σr,s u 9 ! ������w�� c w
��(�� } &�'�g��
��� ]�� ��H Σr,s

!
��� d ��� u 9Gm�g ! I �%���O��w%� c w���H�i%j I�k �G��&�o���p�'��%r�t Σr,s � (�� a������� I |��! ����"�#�$�m%���O��w%� c w
��(
2&%
=�0%(
�O���G�
r�t�'�( Σr,s

 ��� a)����� � M (�*�+,&�� >�, t �%C�E��-� a������ � M ! r�t X u 9/.!�>�,
t+ 1

! M ! r�t X ′ 0 !
|�� (�132 !34 %���5 } /1�&6

i ) 1 ≤ j1 < j2 ≤ n (%��� 4�7 u 9�8�w�9 f ��:�;��
ii )
>�,

t ��C�E���r�t X ∈ Σr,s

!
i 2 j 3 !
F ( Xij

I 6 / > �

bi = Xij1 + Xij2 i ∈ {1, 2},
ck = X1jk

+ X2jk
k ∈ {1, 2}

0�/�����2�< b = (b1, b2) �
3�< c = (c1, c2) ��=O�19.:�o�>�?�@�A F ( 6�F ��B�C 2 2 2 3 !4�5�6�!%7�# ( Y 0�/1���

iii ) Y ∈ Y (�D�E 1/|Y| I 5 K ���
iv )
>�,

t+ 1 �%C�EO��r�t X ′ ∈ Σr,s (

X ′
ij =

{

Yik, j = jk,

Xij , otherwise

0�/���� �

= ! � a!����� � H�F�G I >�H�IJ$ I�k ��=�0
��� u � KML�N AO � l o�� Dyer and Greenhill H
= ! � a!����� � H�P�Q�R�S�T	&G' Σr,s

 �! ��� 4�7 0-U�m��!V }3W�4�7 (�X,+;��S�T3R�Y�Z�m >
( τ(ε) H ∀ε > 0 R%$	&G'��

τ(ε) ≤ n(n− 1)

2
ln (Nε−1) (2.12)

I�[  �<9.:�V�=�0
(�\J]1&�'�g�V [2]��^Op�'���_�` !�a I�r�t u 9/� a������ � M ( T ≥ τ(ε)

) |�� &�'
8,9.:�o���w�� a X Hcb�d ε
!ce3f I�g 4 ����m���w%� a 0���m�/<=�0�� I�L V���=�%

&�'�"�#3$�R
����m���w%� c w
���
8�9�:)V��

2.2 h�i�jlkcmon
= !q`�a�b c�dqf I%JOl V�"�#qp !sr�t�~ 0�uqv !qw�x ( �O��VG�zy|{�m a I�rqt u 9}� a)������
M ( T ) |�� /!V�~�0�R���w
� a ( 1 C�X!V�0�/!V��O�hw
� c w���A M ��� a��c��� � !�|��

)�A T (

M =
⌈

150e2R2ε−2 ln (3Rδ−1)
⌉

, (2.13)

T =
⌈

τ (ε/(15Re2))
⌉

(2.14)

=

⌈

n(n− 1)

2
ln (15Re2Nε−1)

⌉

(2.15)
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0�C���0�� Σr,s

!�|�}�~
Z
!%F ( J�K V ! R�Y�Z�m�� a)����� � !%|�� )�A !�� A�H

RMT (2.16)

0%m|V�����&G���3R }�� &�o 4 %�R R =
∑n

q=3 b1 + log2(sq)c
Iqk + � A�B T̂ (��
	|$�R���
��%/O)

A I�k V���= !�> � |�}�~ Z
! u�v<0O&�'

Prob [ (1 − ε)|Σr,s| ≤ Z ≤ (1 + ε)|Σr,s| ] ≥ 1 − δ (2.17)

���
�3$�R���\  :)V K L�N BO��l o
�

R =

n
∑

q=3

b1 + log2(sq)c (2.18)

≤ n log2N (2.19)

I�k V�=�0 u 9�� r�t�~ H n, log(N), ε−1, log(δ−1)
!������ I�[  �JV�=�0�� I�L V��

2.3  "!$#"%'&)(+*-,/.'0'1)2"3

Dyer and Greenhill [2] 4�5)6^/ V `Da@b c�d^f I H$� ρi = 1/2 4 > W R Zi ≥ 1/2 0Dm +7� |}�~
Z H/8'4 F |Σr,s| R�9$:�;  �Dm�V<� l o�� ρi � 1/2 Rc"�g > � A�B T̂ RDC�g^'$� J 0h&e'

|Ωl| < |Ωl̄| (l, l̄ ∈ {1, 2}, l̄ 6= l) 0
mJV l �/=
>  :�V�=�0/� k V<��=/4 >�?�@ ρi = |Ωl|/|Ω0| < 1/2

m
4�R Zi ≥ 1/2 0%mJV�4 I � |�}�~ H�8A4 F!4 +B;  �%mJV��  9 R���C�D  :�o 4�5�6 4 7�E 4
��A |Σ

r F ,s F | = |Ωl| H ?�@ =�>  :)V�H�G I�k pqo |Ωl̄|
4 +B;  �%m|V�4 I � |�}q~ H�8 F!4 +�H�; ��m3V��

=�4JI (JK�L &M� |q} ~ 4J8N4 F u 9O4JP + (�;  � / V o K RQ� ? ��R I HQ� Dyer and Greenhill

4 `�a1b�cGd�f R-S}CT4�KNL�(�2 %U�
V10 C�?�H J 4 } K�W ( rJ ≥ rJ̄ (J, J̄ ∈ {1, 2}, J̄ 6= J)
I }

K V�0�/!V�=�0 I�k V��1=3%./�V�=�0 I J H���w
� a R 4 9XG�� } R } l +Y� Zi − ρi H<Z�?T[�\JR4�7 /!VM� l o
�J]|R�^
:)V } � 1 u 9 W R ρi ≥ 1/2 > 1/(2e2) 0�m�V�4 I � u�v��q\A4����10M_
`
&�m�g���a�o�C,?�H ρi 4 |�}�~ Zi ( (Ui + 1)/(M + 1) 0�/)V�=�0 I�k VM���	&M� Ui H i )�?<4 AB T̂ I%JOl V |UJ | 4O=�0 I�k VM�1=G:�H
�s.T4�b I P,+�4�c L  4�dNe�(����J$�R���\�/)V
o K�Ik V<��f�gJ$�m�h3]�0�&�'�H
� Ui = 0 4 > � 1/Zi � }�� I�L mT��mJV�4�(�i�j�� l o�� Ui = M 4> � Zi > 1 0%m<9Gm�g 4 %�R
/)V
o K�I�k VM�
=�= I H�� �qC,?M4�KNL I 2��%:�o J 4 0O+ W ��� ρi ≥ 1/(2e2) 0 g)%Xk�lO(�mOo�&�'�g3Vq=�0�(n /o�

p
q
1 2�<�rTsut a r = (r1, r2) R�COg�'�� r1 > r2 4O0 L |Ω1| ≥ |Ω2| ��+,+�v�C
�

=�:�(�\3]�/!V�o K R�132
4�w
x 1 ( n /o�
y
z

1 {<|�A�rTs}t a s = (s1, . . . , sn) ��=O�<9�:�'�g3V�0�/�V<��{�|�A Nn = s1 + · · · + sn ( }� /!VM�q2�<N� r = (r1, r2) � 3�<A� s 0�m�V 2 2 n 3 4�5�6 4 7�E 4�Z�~�A�( Pn [r2]
I 6 /1=�0�R

/)VO� l o�� u /∈ [0,Nn], u ∈ Z (�mOo%/ u R�C�g�'�H
� Pn [u] = 0 0 }�� &�'%C���� / m���� u ∈ Z

R�$,&�'
�

Pn [u] =

{

|Σ(Nn−u,u),s|, if 0 ≤ u ≤ Nn,

0, otherwise,
(2.20)
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I�k V��1=�4 > � bNn/2c ≥ ∀u1 > ∀u2 > 0 R%$	&G'��
Pn [u1] ≥ Pn [u2] (2.21)

��+,+�v�C��
��� 	�� { I n / �

i ) k = 2 4�� E � 2 2 2 3T4 4�5�6 R�C�g�'�� s1 ≥ s2 0�&G'THG����	�(�
J��m�g��
(a) u1 > u2 > s2 4 > H�� P2 [u1] = s2 + 1 u C P2 [u2] = s2 + 1

4 + P2 [u1] = P2 [u2]
I�k VM�

(b) u1 > s2 ≥ u2 4 > H�� P2 [u1] = s2 + 1 u C P2 [u2] = u2 + 1
4 + P2 [u1] ≥ P2 [u2]

Iqk VO�
(c) s2 ≥ u1 > u2 4 > H�� P2 [u1] = u1 +1 u C P2 [u2] = u2 +1

4 + P2 [u1] > P2 [u2]
I�k VO�

4 p�'
� 2 2 2 3N4 > +,+�v�C
�
ii ) 2 2 k 3 I � } �c+	+�v�p�'�g�V�0�/�V�� k + 1 3 ? R sk+1 (
����� Nk+1 = Nk + sk+1 0e/
V<� u2 < u1 R��,&�'
�
(a) u1 ≤ bNk/2c 4 >

Pk+1 [u1] = Pk [u1] + Pk [u1 − 1] + · · · + Pk [u1 − sk+1] ,

Pk+1 [u2] = Pk [u2] + Pk [u2 − 1] + · · · + Pk [u2 − sk+1] ,

I�k V<��� })4 +7�
Pk [u1 − ξ] ≥ Pk [u2 − ξ] , ∀ξ ∈ [0, sk+1] ∩ Z,

��+�+<v���� Pk+1 [u1] ≥ Pk+1 [u2] �
8�9�:)VM�
(b) bNk/2c < u1 ≤ bNk+1/2c 4 >

Pk+1 [u1] = Pk [u1] + Pk [u1 − 1] + · · · + Pk [bNk/2c + 1]

+Pk [bNk/2c] + · · · + Pk [u1 − sk+1]

I�k V<��=�= I � Nk + sk+1 = Nk+1 ≥ 2u1
4 +�� Nk − u1 ≥ u1 − sk+1 ��+,+�v�C
�

Pk [u] 4 }��)4 +�� Pk [u] = Pk [Nk − u]
I�k V�=�0�R���`�/�V�0��

Pk [u1] = Pk [Nk − u1]

≥ Pk [u1 − sk+1]

I�k V<� l o�� (a)
4 +�� 0 ≤ ∀u ≤ bNk/2c R�C�g�'��

Pk+1 [bNk/2c] ≥ Pk+1 [u]

�q� u V�4 I � bNk/2c ≤ u2 < u1 ≤ bNk+1/2c R C gq'Q4�Uq� � : ��LqgJ� u1 > u2
4 +Y�

Pk+1 [u1] − Pk+1 [u2] = {Pk [u1] + · · · + Pk [u1 − sk+1]} − {Pk [u2] + · · · + Pk [u2 − sk+1]}
≥ (u1 − u2)(Pn [k1 − sk+1] − Pk [u1 − sk+1 − 1])

≥ 0

0
m�V<� 4 p�' k + 1 33RAH-+,+�v�C
�
iii ) i ) � ii )

4 +Bx�`�H�	��3$�R n  :�o����

1
dA4�w
x 1 (��Op�'�� } � 1 4�\J]�(
2&% �
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� � 3 < s �%2 < r � 6^F 4 E r N ′ = N + sn �z= � 9;: o 2 2 n 3 (n ≥ 3) 4 4 5 6 ( �
�oV<��/$:�'$4 X ∈ Σr,s 4 � � X2 n = t 0Dm�V X 4 � Ah( Q [t] (t ∈ Z)

I 6 /@0�/ V���� &��
t > min{sn, r2} R�COg�'�H Q [t] = 0 0 }�� &�'�C��7�<=�4 > �

Q [t] = Pn−1 [r2 − t] (t ≥ max{0, sn − r1}) (2.22)

��+,+�v�C��
i ) r2 < bsn/2c 4 >

X2n < bsn/2c
4 + |Ω2| = 0 m�4 I � } H�+	+Mv�C��

ii ) r2 ≥ bsn/2c u C r1 < sn 4 >

|Ω1| = Q [sn − r1] + Q [sn − r1 + 1] + · · · + Q
[⌈

sn−1
2

⌉]

= Pn−1 [r2 − sn + r1] + Pn−1 [r2 − sn + r1 − 1] + · · · + Pn−1

[

r2 −
⌈

sn−1
2

⌉]

,

|Ω2| = Q
[⌊

sn+1
2

⌋]

+ · · · + Q [r2]

= Pn−1

[

r2 −
⌊

sn+1
2

⌋]

+ · · · + Pn−1 [0]

I�k V<��=�= I � Pn [u] = Pn [N − u]
4 +Y�

|Ω1| = Pn−1 [N − (r2 − sn + r1)] + Pn−1 [N − (r2 − sn + r1 − 1)]

+ · · · + Pn−1

[

N − (r2 −
⌈

sn−1
2

⌉

)
]

= Pn−1 [0] + Pn−1 [1] + · · · + Pn−1

[

r2 −
⌊

sn+1
2

⌋]

+ · · · + Pn−1

[

r1 −
⌊

sn+1
2

⌋]

≥ |Ω2|

0
m�V<�
iii ) r2 ≥ bsn/2c u C r1 ≥ sn 4 >

|Ω1| = Q [0] + Q [1] + · · · + Q
[⌈

sn−1
2

⌉]

= Pn−1 [r2] + Pn−1 [r2 − 1] + · · · + Pn−1

[

r2 −
⌈

sn−1
2

⌉]

,

|Ω2| = Q
[⌊

sn+1
2

⌋]

+ · · · + Q [sn]

= Pn−1

[

r2 −
⌊

sn+1
2

⌋]

+ · · · + Pn−1 [r2 − sn]

I�k V<��&�o���p�'��
∣

∣

{

Q [0] , . . . ,Q
[⌈

sn−1
2

⌉]}
∣

∣ =
⌈

sn−1
2

⌉

− 0 + 1

= 1 +
⌈

sn−1
2

⌉

,
∣

∣

{

Q
[⌊

sn+1
2

⌋]

, . . . ,Q [sn]
}∣

∣ = sn −
⌊

sn+1
2

⌋

+ 1

= 1 +
⌈

sn−1
2

⌉

I�k V�=�0���� u V<��=�= I �






















θk =
⌊
∣

∣

N
2 − r2

∣

∣

⌋

,

θk−1 =
⌊
∣

∣

N
2 − r2 − 1

∣

∣

⌋

,
...

θ1 =
⌊∣

∣

N
2 − r2 −

⌈

sn−1
2

⌉∣

∣

⌋

,
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





















ψ1 =
⌊
∣

∣

N
2 − r2 −

⌊

sn+1
2

⌋
∣

∣

⌋

,

ψ2 =
⌊
∣

∣

N
2 − r2 −

⌊

sn+1
2

⌋

− 1
∣

∣

⌋

,
...

ψk =
⌊∣

∣

N
2 − r2 − sn

∣

∣

⌋

( }�� /)V�0��

|Ω1| = Pn−1

[⌊

N
2

⌋

− θk

]

+ Pn−1

[⌊

N
2

⌋

− θk−1

]

+ · · · + Pn−1

[⌊

N
2

⌋

− θ1
]

,

|Ω2| = Pn−1

[⌊

N
2

⌋

− ψ1

]

+ Pn−1

[⌊

N
2

⌋

− ψ2

]

+ · · · + Pn−1

[⌊

N
2

⌋

− ψk

]

I 6) :)V<� l o��

r2 ≤
⌊

N + sn

2

⌋

4 +7�

r2 −
⌈

sn − 1

2

⌉

≤
⌊

N

2

⌋

� � u :)V�4 I � ∀ v (1 ≤ v ≤ k) R��,&�'
�
θv ≤ ψv

��+�+<v�C���=�4O=�0�0<w�x�� u 9

Pn−1

[⌊

N
2

⌋

− θv

]

≥ Pn−1

[⌊

N
2

⌋

− ψv

]

���O���

|Ω1| − |Ω2| =
k

∑

v=1

(

Pn−1

[⌊

N
2

⌋

− θv

]

− Pn−1

[⌊

N
2

⌋

− ψv

])

≥ 0

��+�+<v�C�� 4 p�'�x�`�H n  :Oo��O�

2.4 ����j"1	��

�������
=/4�b I H
��D,&eg `�a<bhc�d�f I 8 9.:�V |�}�~ 4�8T4 F u 9�4�P +-R�C�g�'�����/�V�� Dyer

and Greenhill [2] 4 `
a�b�c�d�f I H�� |�}�~ Z ��8A4 F R�9�:N��;  ��m�V�=�0������  :)V����
=�4�P +�4�c L  (/�$�J$�RD���"H�V�=^0DH�iDj I�k V���� u �������/5
6��eo `Da@b�c�d^f I H
|Σr,s| 4 |�}�~ I�k V Z H�P���4�c L  � �
�3$�R�����H�V�=�0�� I�L V<�
!
z �"�
�Og�o `
a�b�cGd�f I
JOl V Z 4�I�# F Exp [Z] H�8T4 F |Σr,s| R��$�&%��

0 ≤ |Σr,s| − Exp [Z] ≤ |Σr,s| (1/2)M+1R (2.23)

 m�o�'o�
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���
Zi = (Ui + 1)/(M + 1)

 
ρi 4 |�}�~�� �Go > 4 |Σr,s| 4 |�}�~ Z 4�I # F H���� Zi ���TvI�k V�= � R���`$�&%��

Exp [Z] = σExp

[

∏

i

1

Zi

]

= σ
∏

i

Exp

[

1

Zi

]

� m3V��1=�= I �

Exp

[

1

Zi

]

=

M
∑

Ui=0

M + 1

Ui + 1

(

M

Ui

)

ρUi

i (1 − ρi)
M−Ui

=

M
∑

Ui=0

M + 1

Ui + 1

M !

Ui!(M − Ui)!
ρUi

i (1 − ρi)
M−Ui

=
1

ρi

M
∑

Ui=0

(M + 1)!

(Ui + 1)!(M − Ui)!
ρUi+1

i (1 − ρi)
M−Ui

=
1

ρi

M
∑

Ui=0

(

M + 1

Ui + 1

)

ρUi+1
i (1 − ρi)

M−Ui

=
1

ρi







M+1
∑

U ′

i
=1

(

M + 1

U ′
i

)

ρ
U ′

i

i (1 − ρi)
M+1−U ′

i − (1 − ρi)
M+1







=
1

ρi

{

1 − (1 − ρi)
M+1

}

I�k V u 9M�
Exp [Z] = σ

∏

i

1

ρi

{

1 − (1 − ρi)
M+1

}

(2.24)

I�k V�� l G �
|Σr,s| − Exp [Z] ≥ 0

H�]19 u I�k VM��.�R��
|Σr,s| − Exp [Z] = σ

∏

i

1

ρi

− σ
∏

i

1

ρi

{

1 − (1 − ρi)
M+1

}

= σ
∏

i

1

ρi

[

1 −
∏

i

{

1 − (1 − ρi)
M+1

}

]

≤ |Σr,s|
[

1 −
∏

i

{

1 − (1/2)M+1
}

]

= |Σr,s|
[

1 −
{

1 − (1/2)M+1
}R

]

= |Σr,s|
[

1 −
{

1 − (1/2)M+1
}]

[

1 +
{

1 − (1/2)M+1
}

+ · · · +
{

1 − (1/2)M+1
}R−1

]

≤ |Σr,s| (1/2)M+1R

9



��+���v�C��$�Go���p�%��
0 ≤ |Σr,s| − Exp [Z] ≤ |Σr,s| (1/2)M+1R

� m �Y��x�`�H n  :!V����
=/4���� u 9<� |�}�~ Z 4�I�# F Exp [Z] H/8A4 F |Σr,s| R/9
:�%�;  ��m ����P$��4�c L  H

|Σr,s| (1/2)M+1R
I�[  �<9 :�V�= � �����J$�R n  :�o��
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3 �

� � � � �

=�4�� I H��J�
^N4��
��$�m�AO��d
	 ` a�b�cGd�f R����&%�� |�}�~ 4�P ��� uqvN� C 4 
 r�tO> (
4���I u 9 r�t�
 ]��  2 p�o � � � ���  ^�:)VM� =�4 ]�� u 9 r�t RsY�Z�m��)8����
�
4 ]q\��� m F  ����')V<�
3.1 h�i������ �������

2 � n �N4! �"$#�R�C�%�%�& �  ��'$(�� MCMC )�*�+-,/.0(�1$2�304�50%�%�6!7
8!9 � 8�:�; �<�=?>A@B�C 8�& � 8?DAE�F�6
• G$H
8$I�JLK
MON�P0QSR0TVUO(�I�JLK
MON�P$8�WYXS8!Z�[
• \$JV]!^�_$`
8!a�b C�c QSd$e
8�f!g
• h0i�j!J c M QAd�e�8�f�g
• #$9
8!k�l N QAd�e�8�f�g
• m c n QSd$e
8$f�g

4�5�%�n <�=L>�o Q�*$p >O@&�q�4�r�%�n�s�t�u >Av?w�x�y�z F
• m c n

• #$9
8!k�l N

• {$|�}0~���J r

• m$|�}0~���J s

• h0i�jLM�i!��8!� c M

• �LiS�0��JL�S)08��$�
8 C�c R

• \$JV]!^�_$`
8!a�b C�c T

• \$JV]!^�_$`
8!���$���
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*�p > @�o 8 � 6O{ | }�~ � J r QSm�| }
~ � J s 4�f USn�F�m c n 6 # 9 8�k l N ����� 6 w i��P�4
	���
�� >S@���� E$4�F$6 r, s F���.���.���� c N � w i��$P�4 2 ���06 n ����UOn�����UO( @� (�6 R F r, s 4!G��YUS( vVw!x�y0z *$pVX 6 ��!0E�4�"�#$� %$&!u o Q�F$*�'�(�% @o 8�I J K�M N$P *�3)�+*�, > 4 F�\ JL]!^ _$`)� T
C a$bYU n!+ ,/. > h0i!j J)� M �.-�/UA6 o .�� R

C ���YU�(�0�.$1�(V,2(�% @ u�(�3�4�l�5�6
RMT

7
8�9 *�p > 7 6 :�;0E�d$e$�!+ > 4�F <
8 = c ε, δ 4�>YUSn$6
M =

⌈

150e2R2ε−2 ln(3Rδ−1)
⌉

T =

⌈

n(n− 1)

2
ln(Nε−1)

⌉

Q?( > @ n = 8,N = 1000 8�@ 6 R ' 40 * p X 6 ε = 0.01, δ = 0.1 4?> U n 6 M ' 1.2×1011, T ' 600*�p X 6SlA5A6 RMT ' 2.9×1015 Q�( ' n?U �CB @
o . F�&�DE@AF � *�&AGAHEI�J
* p > @
o�o * 6
:�; E�d�e 7
K�L u > 8�F�6?MAN�O y�P *�p >�o Q
��Q�R
6?S�T�& q
8
U�V n = 8,N = 1000 W�e�8
@�6 M ' 100000, T ' 200 *EX 10−2 W�e 8�d�e 7 +-, . >�o Q 7
Y q
E�4�3AZ�' ( 8�*�6 M, T F&�q�[ 7 pV,2Z]\2,�^�_�u >�o Q�4LUS( @\ J?]!^�_$`08��$� ���04�5�`$n�F$6�:.;0E�4$F
a�b08��$���$�)Z?,OF�\c,$n�X T

C 8!a b�*!12
E 4
d�e
h
i�jVM�i�� 7 + , . >S@ UfZ?U 6 �������$� Bc�Eg�h .$1Ei�XkjE(�`�a�b *�d�e
h i�jM�i�� 7 +�, . > Q�S�l]
A. >S@ o 8 o Q�4 f�u >�m q�r]i�n�o�p
F
qAr
8 s \�JV]�^�_�`�8�a b Cc 4�f�u >cm q�t 8 u�r�*�{ B 7 6vd�w
E�4�F�����9�s�t�x���D�`�y @ ����9�s�t�x?Q�F�6?z P �]{j�4�r�`�n�6 1 �-DA8�h0i�jLM�i!����{ B @$8�R�|�9�� m q�[ 7 ����6 2 ��D~}$�$8$h
i!jVM!i���@8�\�J?]�^�_$`
8!���$9
F���8 �
8 C 8$h
i!jVM!i���*!+�, .$y |�9���� Bk��� *$p >O@� y�6�708�9?Q�8�Z�[���{���n�` > 7 6 m�� 4�F�7�8�9LQ
UOn 10−5 W�e08���,�:�;$� �$����9��
��� n�` >A@ U�ZVUS6 MCMC

� *�* � > 9 7 B C 8 m q *�F��$`���` 10−3 d�e *�p >�o Q
Z ,S6 o.��
D�` >�o Q�Q0U�y @
}$��8 m q�4�r$`�n��
4�� XS8�(A`���k 6 T = 200, N = 1000, M = 105 Q u >A@ � y�6 m qAU�VF
_�,�y vVw!x�y0z T,M,N, n 4 >�UOn�6
z��${]�$Q!4�6 r, s � w i��$P�4 _$,$6 ��{�� 10

C�� X� UAn�+-, .�y�908����
*$p >O@m q�4�F�6 CPU � Celeron 733MHz(Intel � ) 6 x �-M]� 128MB 8 PC ��D�`�y @
3.2 �)�)�)�����) 

3.2.1 ¡�¢�£$¤�¥§¦�¨�©�ª�«�¬�­
�
® 6 Dyer and Greenhill [2] 8�I!JVK0MSN$P�� D�`�y�j���� w P0Q B0C�¯�° U�y$I�JLK
MON�P�45�`�n�:�;�8 ±�>$9�8
���?QA:$;
8 5�²����
4$f?UAn�Z�[-U2y @Lo 8 m q�4�fLUSn$F n = 6 ³�p?X 6m�|�8�´$, � X sk = RAND[19](1 ≤ k ≤ n) Q0U�y @ RAND[m] Q�F�6?d�e���µ
4?U�y 7 � n 1 Z�¶

m
� ³ 8E�·� c � � u f c ³ p > @ G¸� n N F?´ � ��y�9�� h ¶ ® 6 N ' 60 ³ p >S@ � y�6 T = 200Q�Ucy @o 8�U�V$��| 3.1 4�¹ u @ : ;�8�±A> 9
8��A� 4�fVU n F�6
º�I�JVK MSN P�8�9 F�»�W eE³�p > 7 6

Dyer 8�I!JLK�MAN�P�³�³$F�:$;08
5�²���� 7 ¼ ' g2½ 4!W$�$n�` > 8$4!Z = n�6!R
TLUcy$I�JLK0MN�P�³�F�¾
Q �$¿OW�X 7�À ¶kÁ�(�Z���y @
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| 3.1 Dyer 8�I�JLK
MON�P0QSR0TVU2y�I!JVK0MSN$P�8!W�XA8�Z�[
M = 103 M = 104 M = 105 M = 106

Dyer ε -0.080826 -0.021568 -0.007275 -0.001221

|ε| 0.105371 0.022995 0.009105 0.001964R
T ε 0.024739 -0.003787 -0.000864 -0.000368

|ε| 0.072223 0.021146 0.006729 0.002719

Dyer 8 I J K M N P ³v"A�?y j � � w P�³ F 6 M 7 � � ¼ ' g ( ` @ 6 m.� 4 ρi = |ΩJ |/|Ω0| < 1/2Q�( > J 7�� 1�Á > s�����G���t 7�	 ' n�r�X 6 o 8�@ 8�:�; F ¼ ' g�½ 4�WE� n�`�y @ � y 6 r1 Q
r2 8�; 7 p � X ¼ ' g (�`�@$6�z P � {�j�³
:�;�Z ρi = 1/2 Q�( >�o Q 7�
 g 6 o 8�@�XO:�;0F ½4�W >�o Q 7�
 Z���y @
3.2.2 ��
��������$¤ ¡�������¨�© ª$« ¬�­o 8
uAr
F�\ JV]�^�_�` 8�a�b C�c Q :�;
4�5�`�n 8 m q$³�p >S@ o o ³�D$`�y j
��� w P�F 2 �� 4
��0 ¶kÁ >S@����9��
_�x � z�h�i�j?M�i���4!r$0 > \$JV]!^�_$`
8!���$������� _�U�y�X�8 @����9�s�t�x � z�h�i�j?M�i���4�r�0 > \$JV]!^�_$`
8!���$���0F 1 �YDS8$h
i!jM!i!��@�8+R����$6 2 �-D~})��8$h0i!jLM!i��$4 r�0 > \$J ]�^!_`�8�����������6���8 �
4�� ¶~Á$y$h
i!j�J04���_�U2y$X�8 @

��������8
��� � F
}���8�QAr-Xc³�p > �
d�w! ��#" B o Q
( g r1 ≥ r2 QOu >O@
i ) X11 Z�¶%$04 X1 k = sk, (1 ≤ k ≤ n) � �$�$n�` g @
ii )

∑

k

X1 k = r1 Q�(���y ¶A6 B e�F�m�|��#&���(�`�i B 4 X2 k 4 c 9�������n�` g @('
� ���$��� ��� ¶ Á�y 2 � � 8$j��!� w P��
Á��
Á�4 >-UOn$6�\$JL]!^!_�`08�a$b C�c T � s�)

c��6�:�;
8!s�)�� <$= y @m q F n = 8, n = 16 4 5�` n {E` 6 h i�j J c X M = 104, M = 105 8 2 Q r X 4�5�` n�{���y @
U�V��
| 3.2 6
| 3.3 4
¹�u @o 8 m q�³�� ¶ Á�y�U�V
4�5�`�n
o�p$u >A@ ��® 6 M �!�
_�UOn À > Q!6 T � ¼ ' g USn�Xcz M8�9�4�i
��n�d�e04�*!e 7 À ¶~Á >O@�+ ��1�6 n = 8, M = 104 8�@�6���_�x
4LUSn�XAs�t�x�4?UAn
XAd�e�F 5% ³�p?X 6 n = 16, M = 105 8�@�6�d�e�F 2% ³ T � ¼ ' g UAn�XAd�e�F�T g ( ¶c(�` @
q�4 T �,�
_ UOn
R > Q�6�� _�x�8 �$k06 T 8 9 7 � � ¼ ' g (�`.@�6 M 8!9�� ¼ ' g UOn�X!6p � X/d�e
F!s$3�¶�(�` @ ��Á04�>YUSn!s�t�x$� D$` > Q�6 T 8�9 7 »]\2³$X M � ¼ ' g u > QAde 7#-�7 >S@
:�;�E/.�0�@�F T F 6 n = 8 8A@ ε = 0.05 4�>-USn R = 45 Q�U n T = 514 6 n = 16 8A@ ε = 0.14
>YUSn R = 90 Q0UAn T = 1657 6�Q�( >A@�m q�8 U�V�Z ¶O6�.!0�@�F���a�_$u > Q�6 n = 8 8 �k06
�.� P ��{�j c R̂ F 38.8

C ³$p > 7 6 ε = 0.05 4 > u > .,0)@�F T = 50 ³!d e 7�1 _ u > @
n = 16 4�5$`�n$Xc��� P � {�j c R̂ F 87.8

C ³�6 ε = 0.1 4�>�u > a�_!.�0$@�F�F T = 200 ³�p > @
13



| 3.2 \$JV]!^�_�`�8��������?QAa�b C�c 4�i > :�;�s!) � m c 8� @
n = 8

��_�x s�t�x
M = 104 M = 105 M = 104 M = 105

T = 1 – – 0.091462 0.044455

T = 2 – – 0.049411 0.022905

T = 3 – – 0.052106 0.024237

T = 5 – – 0.043893 0.010891

T = 10 714.955036 97.319204 0.047183 0.010905

T = 20 0.736416 1.312236 0.052326 0.014693

T = 30 0.137628 0.139983 0.064169 0.010777

T = 50 0.041060 0.058587 0.044688 0.013775

T = 70 0.050492 0.026839 0.056945 0.009063

T = 100 0.047324 0.011368 0.056145 0.017895

T = 200 0.040457 0.018711 0.054939 0.013230

T = 400 0.034374 0.013048 0.049772 0.013131

T = 800 0.068829 0.009813 0.041833 0.017043

| 3.3 \�J?]�^�_�`�8��������?QAa�b C�c 4$i > :$;�s�) � m c 16� @
n = 16

��_�x s�t�x
M = 104 M = 105 M = 104 M = 105

T = 1 – – 0.323820 0.046637

T = 2 – – 0.139531 0.043179

T = 3 – – 0.115960 0.037651

T = 5 – – 0.113963 0.016320

T = 10 – – 0.075256 0.029963

T = 20 10619.7 9826.1 0.087001 0.024318

T = 30 11.278630 71.912392 0.064620 0.016104

T = 50 1.122720 0.482482 0.079872 0.021812

T = 70 0.181155 0.337703 0.067719 0.018466

T = 100 0.287543 0.137110 0.089454 0.016573

T = 200 0.097839 0.017608 0.071761 0.018947

T = 400 0.057786 0.019117 0.072482 0.017024

T = 800 0.063889 0.020238 0.091764 0.015658

14



3.2.3 ������
�� M �����$¨�©�ª�«�¬�­
- 8 m q�i
X 6 n = 8, 16 8�@�6 T = 200 6 ���$9�s$t�x�³ � �
4 2 	�d�e 7 * � > QAa�
 
2Á >O@o 8 u.r)³$F n = 8, 16 4 > UOn 6 M � s!) 
 ��n d$e�8 s�)�� < = y @ U�V�F | 3.4 8�Q r X ³p >A@

| 3.4 h0i�jLM�i!��� c M QA:�;�8�f�g
M = 103 M = 104 M = 105 M = 106

n = 8 0.130641 0.054939 0.013230 0.004218

n = 16 0.203034 0.071761 0.018947 0.004853

m q�8
U�V�Z ¶A6 ε−1
7 √

M 4�Z + u >�o Q 7
� R h Á >O@
3.2.4 ����¤
��� N �����$¤�©
���
n = 8, M = 105 �!�
_-UA6
|�9�8�k�l N ��s�)]
2� N QS:$;
8!s�)08�f!g$� <�= y � | 3.5� @

| 3.5 |�9�8�k�l N QO:�;06��$� C!c R 6�l�5�@�F�8�f�g
k$l�9 N ����:$; |ε| �����$� C!c R ����l�5$@�F [� ]

N = 10 0.004895 7.4 147.3

N = 100 0.009944 23.5 471.3

N = 1000 0.013230 43.8 885.0

N = 10000 0.025660 63.4 1283.8

o 8
U�V i�X 6 ε−1 F R 4�Z + UAn�` > Q���� >O@
3.2.5 ��� n ������������ !��"�#�$�¨�©
ª�«
¬�­
N = 1000, M = 105 �!�
_-UAn�% n = 8, 16, 32, 48 &!'�`�n�d�e�� <�= y @ U�V���| 3.6 &
($u @

| 3.6 m c n QA:�;�%���� C�c R %�l�5�@�F$8�f!g
m c n ���$:�; |ε| ���$��� C�c R ����l�5�@�F [� ]

n = 8 0.013230 43.8 885.0

n = 16 0.018947 87.8 1731.1

n = 32 0.034496 156.4 3018.2

n = 48 0.037718 213.4 4090.3

ε−1 F R &�Z + UAn�` > e�) 7 B Z 7 � >A@ � y�% n &!Z = N
7 p > W$e ¼ '�`�8�³�% R F n &Z + u > e�) 7�À ¶kÁ >S@
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3.2.6 ��"�#�$

} - 8 m q�&�r�`�n�%�l�5�@�F�F R, M, T &�¾�&�����&�Z + U2y @ R = 45, M = 105, T = 2008�@�l�5�&�Z�Z���y�@�F�F 913.8[s] ³$p���y @
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Dyer and Greenhill [2] �
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KWq ?V�� &*B
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Q�R�¿ .���À
Á�5�Â�i�:Z< ?��ÄÃ*�;Ã�B 6�7 ��Å�Æ � ��~��;��~�� 1 M x ­N® ,�.;�d�e ε
Q - Ã t�Ç�q�.�¥���(
,�5�¶ � s ?��·¹�{�� 6
7�¢�d
e�8�9�x�È�É ��Ê�Ë�Ì�Í 0 Ã�?�Î�� K
Ï3 B�Ð�Ñ ¢�U Ê�Ë Q x
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B�¹�{�Ü s ? ���
��x
x 2 I ��Î�� Q Ù 0 Ã t�J�� ��Ý�Þ[B 3 IWß Ø�� ���
� ����|�|�Æ�Ø[àá�â Q�¸ J�t
x B 6�7�¢ Q d�e � 8�9;:�< ? /�0�1 Ì ¤
ã�ä�å
æ�K�ç ¯ ��è ��é��*ê�ë 5�ì ¸ � s�tJ
U
J ��¹
í�B 3 IWß Ø�� ���W� Q -�.;� };~����V���*��� è �;é���ê
ë
Bïî n�ð B�Ð À���ñ Ì 0[ò�
ñ Q�ó
¸ n[o�U ���`���V �¡[Ì�ôWõ4ÃZB 6W7�¢ Q d�e Ì 8W9�.`� °W± 5WÏ�� �

17



� �
A

� � � ��� � 	 
 � � 
�� � � �

��� K
x B 2.1.3 K���� ?��W���V�� W¡ M 5�����K����
v�K
Ï�� ��� Ì 9��� �� �
• �!��" Q�¸ J�t
#!$ � K�>! � ∀X,∀Y ∈ M QV¸ JWt B

i ) X
�
Y
� � � 5 2 %�K ��&�' U;3 B�(�� n− 2 % � � � 5 Ð�)mÃ tWJ��Vå' U��*%�5 1 % ­ � 2 % ­ � Ã t Î*Ð
Ñ " Ì�+ ¶
U
J � � � å B

∑

j=1,2

Xij =
∑

j=1,2

Yij = bi , i = 1, 2 ,

∑

i=1,2

Xij =
∑

i=1,2

Yij = cj , j = 1, 2

n[3 B M
� 0!, � M X � Y x.-!/�0W´�1�2�KWÏ�� �

ii ) k %
ß�3 � % Q î J�tV� � 5 ' U�� ∀X � ∀Z 5�-�/�0
´41�2 � å
X
�
k + 1 % ' U�� Y Q�¸ J�tVh Æ � ��Ð
Ñ " Ì�+ o �!� U[T B 1 ∼ k + 1 %[5 ' U�� �

 `� � l Ì
|Y1l −X1l| = min{ |Y11 −X11|, |Y12 −X12|, . . . , |Y1k+1 −X1k+1| }

K�5 � ¸�6 ¯ � � l Q�7 Ã t
(X1l − Y1l)(X1l′ − Y1l′) < 0

� U�� l′ (l′ 6= l, 1 ≤ l′ ≤ k + 1)
Ì�8�9 � B

Zij =











Xij , j = l ,

Yij − (Xil − Yil) , j = l′,

Yij , otherwise

Ul� Z :�; Þ Ã t Y
�
Z x<-�/=0W´41<2[KWÏ[� � � � å B X � Z x k @ ? x k − 1 %æ Q î J�t �.&>' U������
� � U�� � K B@?�A n�B B X � Z x.->/�0�´C1�2�K�Ï�� � OAst B k + 1 %[æ Q î J
t ��&�' U�� ∀X � ∀Y Q�¸ J�t Î -!/�0W´�1�2�KWÏ�� �

iii ) i )
B

ii ) n4B #�$ ¢ Q ∀X,∀Y ∈ M Q�¸ J�t�-�/!0�´D1.2 �nVs
t â�E x�>`:�< ?��
• �!��v!" QV¸ JWt� �;�V�V W¡

M
�<A , � M B M Q îDF �@G E ��H!I X x��Wv 1

�KJ�LV� b �WÌ óW¸ � O�st����Wv�¢WK�Ï[� �
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� �
B

� � ��� � � � 	 � �

2.2 K Å�Æ MN< ?
	�� ¢�d
e�
�� Ì ���� �� � ß43 � ���WK ρ̂i = Exp [Zi]
�  `� �

i ) for 1 ≤ i ≤ R, |ρi − ρ̂i| ≤ ε/(15Re2)

T = τ(ε/(15Re2))
� Ã t
J�� � K B |ρi − ρ̂i| ≤ ε/(15Re2) x��;M ���

ii ) for 1 ≤ i ≤ R,Prob
[

ρ̂i ≥ 1/(2e2)
]

≤ 1 − δ/(3R)

UJ

� Ã t B M/2
{ ß Ø��W? © Ì�8�� KWJ[� � K B Prob

[

ρ̂i ≥ 1/(2e2)
] : M/2

{ ß Ø�� �ZX� Ì h Æ � �
 [U�¶���� ��� ��X � : 1/(2e2) �W� ���*»;~�Ì M

{ ß Ø � ��� ��X � �VØ�� x
M
∑

k= M

2

(

M

k

)(

1

2e2

)k (

1 − 1

2e2

)M−k

≤
M
∑

k= M

2

(

M

k

)(

1

2e2

)

M

2

=

(

1

2e2

)

M

2 2M

2
≤

(

4

2e2

)

M

2 =

(

2

e2

)

M

2 ≤
(

2

2e2

)

M

2

=

(

1

e

)

M

2 =

(

1

e

)

150

2
e2R2ε−2 ln(

3R

δ
)

≤
(

1

e

)ln(
3R

δ
)

=
δ

3R

� Æ Q
Prob

[

ρ̂i ≥ 1/(2e2)
]

≤ 1 − δ/(3R)

iii ) ρ̂i ≥ (1/2e2) U;M*¬ |ρi − ρ̂i| ≤ (ε/5R)ρ̂i

i ) n4B
|ρi − ρ̂i| ≤

ε

15Re2
=

( ε

5R

)

(

1

3e2

)

≤ ε

5R

(

1

2e2

)

≤ ε

5R
ρ̂i

iv ) ˆρi ≥ 1/(2e2) U;M*¬ Prob [|Zi − ρ̂i| > (ε/(5R))ρ̂i] ≤ 2δ/3R
� ä

Prob

[∣

∣

∣

∣

m̂

m
− p

∣

∣

∣

∣

≥ λp

]

≤ 2 e

−λ2mp

3
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:��4M�<�tWJ�� � K B � < Q

m̂

m
= Zi,m = M,λ =

ε

5R
, p = ρ̂i

Ì����  �� � B

Prob
[

|Zi − ρ̂i| >
( ε

5R

)

ρ̂i

]

≤ 2 e
−

( ε

5R

)2 1

3
150e2R2ε−2 ln

3R

δ
ρ̂i

= 2 e
−

ε2

25R2

150

3
e2R2ε−2 ln

3R

δ
ρ̂i

= 2 e
−2e2ρ̂i ln

3R

δ

≤ 2 e
− ln

3R

δ =
2δ

3R

v ) 1 − δ
� X � K B |(Z1 · · ·ZR)−1 − (ρ1 · · · ρR)−1| ≤ ε(ρ1 · · · ρR)−1

iii ) nDB
|ρi − ρ̂i| ≤

ε

5R
ρ̂i

− ε

5R
ρ̂i ≤ ρi − ρ̂i ≤

ε

5R
ρ̂i

(

1 − ε

5R

)

ρ̂i ≤ ρi ≤
(

1 +
ε

5R

)

ρ̂i

@ ?�B iv ) n4B B 1 − δ/(3R)
� X � K B

|Zi − ρ̂i| ≤
ε

5R
ρ̂i

− ε

5R
ρ̂i ≤ Zi − ρ̂i ≤

ε

5R
ρ̂i

(

1 − ε

5R

)

ρ̂i ≤ Zi ≤
(

1 +
ε

5R

)

ρ̂i

(

1 +
ε

5R

)−1
Zi ≤ ρ̂i ≤

(

1 − ε

5R

)−1
Zi

� <4MVn�B B
(

1 − ε

5R

) (

1 +
ε

5R

)−1
Zi ≤ ρi ≤

(

1 +
ε

5R

) (

1 − ε

5R

)−1
Zi

(

1 − ε

5R

) (

1 +
ε

5R

)−1
≤ ρi

Zi

≤
(

1 +
ε

5R

)(

1 − ε

5R

)−1

(

1 − ε

5R

)R (

1 +
ε

5R

)−R

≤ ρ1 · · · ρR

Z1 · · ·ZR

≤
(

1 +
ε

5R

)R (

1 − ε

5R

)−R

���	�	

=

(

1 +
ε

5R

)R (

1 − ε

5R

)−R

=

(

5R + 1

5R − ε

)R

=

(

1 +
2ε

5R − ε

)R
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≤
(

1 +
2ε

5R

)R

=











(

1 +
2ε

5R− 1

)

5R− 1

2ε











2ε

5R − 1
R

≤ e

2R

5R− 1
ε

= 1 +
2R

5R− 1
ε+

1

2!

(

2R

5R − 1
ε

)2

+
1

3!

(

2R

5R− 1
ε

)3

+ · · ·

= 1 +
2R

5R− 1
ε

{

1 +
1

2!

(

2R

5R− 1
ε

)

+
1

3!

(

2R

5R − 1
ε

)2

+ · · ·

≤ 1 +
2R

5R− 1
ε

{

1 +

(

2R

5R − 1
ε

)

+

(

2R

5R− 1
ε

)2

+ · · ·

= 1 +
2R

5R− 1
ε

1

1 − 2R
5R−1

= 1 +
2R

5R− 1
ε

5R− 1

3R− 1
= 1 +

2R

3R − 1
ε

≤ 1 + ε

���	�	

=

(

1 − ε

5R

)R (

1 +
ε

5R

)−R

=

{

(

1 − ε

5R

)−R (

1 +
ε

5R

)R
}−1

= (
���

)−1

≥ 1

1 + ε
≥ 1 − ε

ß Ø nDB B

1 − ε ≤ ρ1 · · · ρR

Z1 · · ·ZR

≤ 1 + ε

(1 − ε)(ρ1 · · · ρR)−1 ≤ (Z1 · · ·ZR) ≤ (1 + ε)(ρ1 · · · ρR)−1

|(Z1 · · ·ZR)−1 − (ρ1 · · · ρR)−1| ≤ ε(ρ1 · · · ρR)−1

ii ) n4B B 1 − δ

3R
ß Ø�� X � K ρ̂i ≥

1

2e2

iv ) n�B B ρ̂i ≥
1

2e2
:Vµ B���tW¬ B 1 − 2δ

3R
ß Ø�� X � K |Zi − ρ̂i| ≤

ε

5R
ρ̂i

� (

1 − 2δ

3R

)(

1 − δ

3R

) ß Ø�� X � K |Zi − ρ̂i| ≤
ε

5R
ρ̂i

(

1 − 2δ

3R

)(

1 − δ

3R

)

= 1 − δ

3R
− 2δ

3R
+

2δ2

9R2

≥ 1 − δ

R
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Prob

[

|Zi − ρ̂i| ≤
ε

5R
ρ̂i

]

≥ 1 − δ

R

�
Prob

[

1 − ε ≤ ρ1 · · · ρR

Z1 · · ·ZR

≤ 1 + ε

]

≥
(

1 − δ

R

)R

= 1 +

(

R

1

)(

− δ

R

)

+

(

R

2

)(

− δ

R

)2

+

(

R

3

)(

− δ

R

)3

+ · · ·

1 − δ +

(

− δ

R

)2 {(

R

2

)

−
(

R

3

)

δ

R

}

+

(

− δ

R

)4 {(

R

4

)

−
(

R

5

)

δ

R

}

+ · · ·

= 1 − δ +

dR

2
e−1

∑

k=1

(

− δ

R

)2k {(

R

2k

)

−
(

R

2k + 1

)(

δ

R

)}

= 1 − δ +

dR

2
e−1

∑

k=1

(

− δ

R

)2k R!

(R− 2k − 1)!(2k)!

(

1

R− 2k
− 1

2k + 1

δ

R

)

≥ 1 − δ

�!� K B
σ

ρ1 · · · ρR

= |Σr,s|,
σ

Z1 · · ·ZR

= Z

� î T � B

Prob [(1 − ε)|Σr,s| ≤ Z ≤ (1 + ε)|Σr,s|] ≥ 1 − δ .
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