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Prologue

* A chaotic sequence shows a complicated behavior so that
it looks unpredictable, as if a random sequence.

 Can we compute it exactly in an efficient way?

 Unfortunately, the computational complexities of chaotic
sequences seem not well developed other than the
numerical error arguments...

* This work investigates the computational complexity of a
bit sequence generated by a tent map.
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Tent map

« Atentmap f:]0,1] = [0,1] w/ a parameter u € (1,2) is given by

fay =4
\.U(l — X)
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ifx < 5

otherwise

* Lletx, = f(xp—1) = f"(x)
forn =0,1,2, ... where x, = x.

Xy, denotes the value of iteratively
n times applying the tent map to x.
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It visualizes the trajectory of x




Tent map

« Atentmap f:]0,1] = [0,1] w/ a parameter u € (1,2) is given by

( . 1 o ¥ = fulz)
f(x) — Ux if x < 5 .
u(1—x) otherwise

0.6

u

* letx, = f(xp—1) = f"(x) 04+
forn =0,1,2, ... where x, = x.

0.2

0.0

T T T
0.0 0.2 0.4 0.6 0.8 1.0

‘ cobweb

X0



Tent map

« Atentmap f:]0,1] = [0,1] w/ a parameter u € (1,2) is given by

(

fx) =5

Ux

\.U(l — X)

£ 1
ifx < 5

otherwise

* Lletx, = f(xp—1) = f"(x)
forn =0,1,2, ... where x, = x.

o v = fulz)

y=x

/

0.8

v

0.6

u

0.4

0.2

0.0

T T
0.0 0.2 0.4 0.6

‘ cobweb

X0

T
0.8 1.0




Tent map

« Atentmap f:]0,1] = [0,1] w/ a parameter u € (1,2) is given by

(

fx) =5

Ux

\.U(l — X)

£ 1
ifx < 5

otherwise

* Lletx, = f(xp—1) = f"(x)
forn =0,1,2, ... where x, = x.

0.8

0.6

0.4

0.2

0.0

y=x

u =.fp|:T:' /

v

0.0 0.z 0.4 0.6 0.8 1.0
‘co bweb

X1



Tent map
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Tent map

« Atentmap f:]0,1] = [0,1] w/ a parameter u € (1,2) is given by

y =X
( 1 1.0 v = hlz) J/
.
fao=4 #  Mx=g
u(1—x) otherwise
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Tent map

« Atentmap f:]0,1] = [0,1] w/ a parameter u € (1,2) is given by
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Existing works and contribution

W j:s:zm
B The trajectory xg, X1, X3, ... WA Jf /\AA " /\ /\ f
is known to be chaotic. o | YA i V JV \/ 1\/ V / V

oad | U

v e.g., sensitive to initial conditions.

0.2+

0.0

e |n this figure

» Blue line shows the trajectory starting from x = 0.5 and
» Orange line shows the trajectory starting from x = 0.501

* |In the first few steps, the trajectories look very similar, but they look
completely different at 20 steps, and after that.

 This phenomenon is known as the sensitivity to initial conditions,
that is a typical property of a chaotic sequence.



Existing works and contribution

B The trajectory xg, X1, X5, ...
is known to be chaotic.
v e.g., sensitive to initial conditions.
B Much is known about the tent map
and many applications.
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Existing works and contribution

1.0

B The trajectory X, X1, X3, ... Y f /\ AA | ] /\ | /\ f
is known to be chaotic. N ATATA' r 'y il'\“ Y H/ |/
v’ e.g., sensitive to initial conditions. *{ | ! V V / V

B Much is known about the tent map

and many applications.
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v’ E.g., pseud random generator, AD converter.
B Nevertheless, the computational complexity seems not established.

e.g., the time complexity for a tent map f,, of

o H H 1 H n
deciding whether x,, < S or not as given n and x

seems not known (maybe NP-hard but | don’t know).

This work is concerned with the space complexity of a related problem.
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Tent code
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Tent code
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Tent code

v = fiiz) (p=186)
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Tent code
n = ces y=filz) (4 =18)
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_ 1 _ !
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!
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Tent code
n — v=f3z) (p=18)
y (x) b1b2 bnlforx E [0’1) Where H oan ool 010 0111000 101 110 111
b, = 0 1fx<§ o
1 otherwise
and
( 1 0.6
bi ifxi < E ¥
T . 1 0.4 -
biy1 =1b; ifx; >
| 1
* Let
Ln — {yn(x) | x E (0,1)} 0.2 0.4 . 0.6 0.8 1.0
. . — £3
i.e., all possible tent codes of length n. y=f>x)

« Wesayb € {0,1}"isvalidif b € L,,.



Tent code

Y= ,Jfl::t!] (u=1.6)

n f— ee e
y (x) o blbz bnlfor X E [0,1) Where H Qoo ool 010 0111000 101 110 111
b, = 0 ifx< 5 .
1 otherwise
and
f 1 0.6
bi ifxi < E ¥
— . 1 0.4 -
bi+1 = 3 bi lfxi E
| 1
* Let
_ n 0.2 0.4 0.6 0.8 1.0
Ly ={y"(x)[x€(0,1)} .
. . — £3
i.e., all possible tent codes of length n. y = f3(x)

« Wesayb € {0,1}"isvalidif b € L,,.
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= Our main concern is the computational complexity
to decide whether b € {0,1}" is valid or not.




Target of this work
Let X € [0,1) u.a.r,, and consider y™(X).

Target.
Generate B -- B, = y™(X).

A naive calculation requires Q(n) space

by a standard argument of the numerical computation.

Question.

Is there o(n) space algorithm?
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Main result

For convenience, let D,, denote the probability distribution
which y™(X) follows for u.a.r X € [0,1); thus

» D, is a prob. distr. over L, c {0,1}", but

» D, is not the uniform distribution over L.

Question.
Is there o(n) space algorithm for sampling from D,,?

Yes, we can!

Thm. 2.3.
Let u € (1,2) be a rational given by an irreducible fraction u = c/d.
Then, there exists an algorithm to generate valid B ~ D,,

. log?2 nlog3 d
mO( 5 5
log* p

) space in expectation.




!'- 3. Idea for a space efficient algorithm



Two strategies for sampling from D,,.

A. Naively calculate y"(X).

» calculation requires 1(n) space.

B. Directly sample from L,,, according to D,,.
> |L,,| = Q(u™), meaning that identification of b € L, requires
Q(log, u™) = Q(nlog, u) = Q(n) space
for any u constant to n.

We employ a hybrid strategy; realize str. B by emulating str. A.
For this purpose, we want

1. a space efficient representation of b € L,, (for str. B).
2. a space efficient simulation of calculating y™(X) (for str. A)
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1. Equivalence class for a representation

Observation
* lterated tent map consists of many line-segments.

* The line-segments correspond to L,, one-to-one.
 #line-segments (= |L,,|) grows exponential to n.
* However, some line-segments look the “same”.

v = fiiz) (p=18)

1.0
ooa ool 0 o010 01110 100

110

111

|

0n.s

0.6

0.4 1

0.2

0.0 0,2 0.4 0.8

0.8

1.0
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1. Equivalence class for a representation

Observation
* lterated tent map consists of many line-segments.

* The line-segments correspond to L,, one-to-one.
 #line-segments (= |L,,|) grows exponential to n.

* However, some line-segments look the “same”.

Y= ,Jfl::t!] (u=1.6)

1.0
ooa ool 0 010 0111000 101 1 110

111

|

We define the segment-type of the
segment correspondingto b € L, by
T(b) ={f"(x) |y"(x) = b} .

0.4 1

Let
In = {T(b)|b € Ln}

denote the all set of segment-types.

0.2

|:||:| T T T I
0.0 0,2 0.4 0.8

T
0.8

1
1.0
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1. Equivalence class for a representation

Consider the n times iterated maps.

y=filz)

o0

2nd jterated map 31d jterated map | 4th jterated map
* 4 segments * 8 segments e 16 segments

* 4 segment-types ¢ 6segment-types ¢ 8 segment-types

In general, we prove that n times iterated map consists of

o |L,| = u"™ segments
e at most 2n segment-types E> Thm. 3.1.



An intuition --- compressing lemma

. v = filz) (p=18) o v = fi(z) (u=18)
- : i i
000 001 | 010 (01111000 1001 | 110 | 111
EH _— !

0.8 7 0.2

0.8 0.6
Y Y

0.4 0.4 -

0.2 0.2

|:||:| T T T T DD T T T

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

f200) f3(x)

Observation (cf. Lem. 3.2.)

f™*1 consists of two ™, each of which is

compressed in 1/u in x-axis direction and cutoff at 1/2.
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An intuition --- compressing lemma

o v = fiiz) (p=16) o v = filz) (p = 1L6)
0.8 7 0.8
0.8 0.6
y Y
/\
0.4 0.4 TR
an
0.2 0.2 l \‘l
S
0.0 . . . . 0.0 . -
0.0 0.2 0.4 0.6 0.8 1.0 0 1/2
2 3
fe(x) f7(x)

Observation (cf. Lem. 3.2.)

f™*1 consists of two ™, each of which is

compressed in 1/u in x-axis direction and cutoff at 1/2.
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Formal description of compressing lemma

y=f(x) (4 = 1.6) o y=f3(x) (p=186)

44

Observation

f™*1 consists of two f™, compressed in 1/u

in x-axis direction and cutoff at 1/2.

Lem 3.2. (compressing lemma) \.\
: fa)  xs<t e i
et f(x) = i £ F
1-— f(X) X = 5
. ™ (ux) X <-
then f™*1(x) = 7 (f(x)) = :
frl-uw-x) x=;

e Forx < % Lem. 3.2. implies blue line.
e Forx > %, letx =1—t(t <1/2)then

f)=1—u(l-x)=1—-p(1-(1-0t) =1—npt.
This means orange line.
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1. Equivalence class for a representation

Explicit explanation of 7,

Thm. 3.1.
Let ¢; = * (%), and c; is the bitwise complement of c;.

Let; = T(c;) and [; = T(c;) fori = 1,2, ....

Then,
T, ={,1, .., 1} Ui, .., 1~}

holds forany n = 1, w/ some appropriate n* (n* < n).

In precise, n, = min({i € {1,2,...,n — 1} |I;4; € T3} U {n}).

Thm. 3.1. immediately implies |T.,| = 2n* (< 2n).

= We obtain an equivalent class on L,, of size O(n).



An example of the set of segment-types

Jg foru = 1.6
1, = [0,0.8) I, = (0,0.8]
I, = (0.32,0.8] I =[0.32,0.8)

46

I3 = (0.512,0.8]

I; = [0.512,0.8)

I, = [0.32,0.7808)

1, = (0.32,0.7808]

Is = (0.35072,0.8]

I = [0.35072,0.8)




2. Space efficient simulation for a calculation of ¥y (X)

Jg foru = 1.6
1, = [0,0.8) I, = (0,0.8]
I, = (0.32,0.8] I =[0.32,0.8)

I3 = (0.512,0.8]
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I; = [0.512,0.8)

I, = [0.32,0.7808)

Is = (0.35072,0.8]

1, = (0.32,0.7808]

I = [0.35072,0.8)




2. Space efficient simulation for a calculation of ¥y (X)

State transition over

48

Is = (0.35072,0.8]

'

Js foru=1.6
0 1
C 1, = [0,0.8) I, = (0,0.8] D
1 0
Y 0 v
I, = 03208] || Y L=1[03208)
X
1 0
VL A\ 4
I3 = (0.512,0.8] I; =[0.512,0.8)
0 1
\ 4 A
1, = [0.32,0.7808) fp\/1 I+ = (0.32,0.7808]
1 0
A\ 4 A

I = [0.35072,0.8)

lo



2. Space efficient simulation for a calculation of ¥y (X)

Lem. 3.3.
Suppose T'(by :+- by,) = T(b{
Then, by -+ by b is valid iff b;

'”b;c’)'

-+ b,sb is valid.
Furthermore, T(by :* byb) = T(b{ b,'{,b).

49

le transition over

oru = 1.6
1
T [L=D008) I, = (0,0.8] D
1 0
0 v
I, = (0.32,0.8] /_\*\ I, = [0.32,0.8)
X
1 1 0
VL Y
I3 = (0.512,0.8] I; = [0.512,0.8)
0 1
y A
1, = [0.32,0.7808) fp\/1 I+ = (0.32,0.7808]
1 0
y A

Is = (0.35072,0.8]

I = [0.35072,0.8)

'

lo
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2. Space efficient simulation for a calculation of ¥y (X)

Lem. 3.3. l
Suppose T(by - by) = T(b} -+ b..) e transition over
/ . . | = 1.6
Then, by - by b is valid iff by --- b,/ b is valid. o
Furthermore, T(by :* byb) = T(b{ b,'{,b). 1
T 11 =100.8) | 1,=008] [ )
An intuitive “proof”. 0
e k + 15t bit depends on f*(x) < 1 and 0.32,0.8)
0
* Segment-type T(b; - by) represents the range offk(x) TS
PR
0 1

A 4 A

1, = [0.32,0.7808) fp\/1 I+ = (0.32,0.7808]

1 0

A 4 A

Is = (0.35072,0.8] [o 1] Is =[0.35072,0.8)

11 lo
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2. Space efficient simulation for a calculation of ¥y (X)

Lem. 3.3.
Suppose T (by - by) = T(b} --- b,’(,). State transition over
Then, by -+ by b is valid iff by -+ b, /b is valid. Js foru=1.6
Furthermore, T(b; :-- by b) = T(b{ b,'{,b).
0 1
C 1, = [0,0.8) I, = (0,0.8] D
Lem 3.3 implies state transitions . 0
. Y 0 v
over the equivalence classes 7. T 03208] /\“ L = [03208)
"
|:> This provides an automaton for £,,. 1] 1 10
I3 = (0.512,0.8] I3 =10.512,0.8)
0 1
1, = [0.32,0.7808) fp\/1 I+ = (0.32,0.7808]
1 0

Is = (0.35072,0.8] [o 1] Is =[0.35072,0.8)

11 lo



52

Automaton
Automaton over
Lem. 3.3. TS foru — 1.6
Suppose T(by *+- by,) = T(b{ b,’(,).
Then, by -+ by b is valid iff by --- b,/ b is valid. ”
Furthermore, T(b; :-- by b) = T(b{ b,’clb). m
0 1

Lem 3.3 implies state transitions . 0
. Y 0 v
over the equivalence classes 7.,. T 03208] /\“ L = [032,08)
= (0.32,0. 2 = [U.54,U.
- __/
|:> This provides an automaton for £,,. 1] 1 10
I3 = (0.512,0.8] I3 =[0.512,0.8)
The automaton . )
* consists of 2n + 2 states 7. = [032,07808) I\ I = (0.32,0.7808]
incl. go and “reject” state. ) )
* and recognizes L,, exactly. Is = (035072,0.8] [o 1| Is = [0:35072,0.8)

11 lo
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Markov model (probabilistic automaton)

Furthermore, the state transit model

preserves the uniform measure.

Markov model over

Lem.

Pr[B, =0 |B,_; = b]

Let By --- B,, = y™(X) foru.a.r. X € (0,1). Then,

T (b0)|

~T(b0)| + |T(b1)]

Js foru = 1.6

qo

0.8 0.8
0.8+ 0.8 0.8+ 0.8

0.8 -
0.8 +0.48 C I; =[0,0.8) I =(0,0.8] D

Thm. 3.5.

Suppose B = B, --- B,, is a bit seq.
provided by the Markov model.

Then B ~ D,,.

Thus, we obtain an algorithm

to generate B ~ D,,.

0.48 0.48
0.8 + 0.48 | 0.48 + 0.288 v
I, = (0.32,0.8] f_\‘ I, =10.32,0.8)
0.288 ~—
0.48 + 0.288 y v
I3 = (0.512,0.8] I; =10.512,0.8)
v Y
1, = [0.32,0.7808) I, = (0.32,0.7808]
Is = (0.35072,0.8] Is =[0.35072,0.8)

l !
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Space efficient algorithm to generate B ~ D,

Alg. (construct on demand)

1. Construct the Markov model

up to level k = [logn]. "

2. Fori=1ton ON
0.8+0.8 0.8+ 0.8
3. Generate B; following

0.8 —
the Markov model over Jj,. | 08+048 C 01418: 10,0.8) e L = (008 D
4.  If the current state is level k 0.8 +0.48 W v
5. then extend the model I, = (0.32,08] | | I =1032,08)
0.288 ~—
to level k + 1. 0.48 + 0.288 y v
I3 = (0.512,0.8] I; =[0.512,0.8)
Prop. | !
I, = (0.32,0.7808
Alg. exactly generates B ~ D,,. 2,0.7808) + = |
The space complexity mainly depends on k. ‘

| 15 = (0.55072,0.8] Is = [0.35072,0.8)

l !
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Space efficient algorithm to generate B ~ D,

Alg. (construct on demand)

1. Construct the Markov model

up to level k = [logn]. "

2. Fori=1ton ON
0.8+0.8 0.8+ 0.8
3. Generate B; following

0.8 —
the Markov model over Jj,. | 08+048 C 01418: 10,0.8) e h = (008] D
4, If the current state is level k 0.8+ 048, W |
5. then extend the model I, = (032,08] | | I =[032,0.8)
0.288 ~
to level k + 1. 048+ 0288 4 |

I; = [0.512,0.8)

I3 = (0.512,0.8]

Prop.

A

1, = (0.32,0.7808]

y

2,0.7808)

Alg. exactly generates B ~ D,,.

A

The space complexity mainly depends on k.
p p y y p I =[0.35072,0.8)

| 1z = (U.55072,0.8]
I:> The remaining issue is an analysis of max k in the alg.




!'- 4. Analysis of max k



Expected level

Let K € {1, ...,n} be a random variable

denoting the maximum level that y™(X) reaches.

Lem. 4.1’. (rational u)
let u = 5 € (1,2) where gcd(c,d) = 1.
Then, E|[ K] O(logﬂnlogﬂ d)

Cf. Prop. (real u)
Forany u € (1,2)

2
E[K] < max{BZlogﬂnlogz log, n, 410g“ﬂ 1}
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Expected level

Let K € {1, ...,n} be a random variable

denoting the maximum level that y"(X) reaches.
Lem.

: The expected space complexity
Lem. 4.1é (rational u) of Alg. is O(E[K2])
ety =-¢€ (1,2) where gcd(c,d) = 1.

2 2
Then, E[K2] = O (1°glo";i°5 ?)

Thm. 2.3.

Let u € (1,2) be a rational given by an irreducible fraction u = c/d.
Then, there exists an algorithm to generate valid B ~ D,,

. log? nlog3 d
mO( 5 5
log* u

) space in expectation.




Lem. 4.1. (rational u)
Proof sketch of Lem 4.1. let u = 2 € (1,2) where ged(c,d) = 1.
Let [, = 8[logﬂ d] [logu n] Then, Then, E[K2] = O (1og2 n log? d)
n ’ log* u
E[Z] = Z k2 PrK = k]
21 L
- EkZPrK K]+ ZkPrK k]
k=21,

< (21* — 1)?Pr[K <21, — 1] + n? Pr[K > 21,] (%)
We can prove that Pr[k = 2[,] < n—lz holds (see Lem 4.2), and hence

1
(x) < (21, — 1)? >|<1+nz—2
n

=QL-1%+1 ) Lem. 4.2.

< (16[log, d|[log,n| —1)" + 1 Let I, = 8|log,, d|[log, n|.
2

=0 ((10gu dlog, n) ) Then, Pr[k = 21,] < %

logZnlog?d
=0
log* p



Sketch of Proof of Lem 4.2.
Lem. 4.2.

Let [, = 8[logﬂ d] [logﬂ n] Then, Prlk = 21,] < n_12

Proof of Lem. 4.2 requires more than 6 pages (see arXiv).
The following two lemmas show the outline.

Lem. 4.3.
If Z, visits I (resp. I;) for the first time

thenZy_; = I,j_; (resp. Zy_; = I;_;) fori = 1,2, ..., j.

Lem. 4.4.
3l < 8[logﬂ d] [logﬂ n] such that

1
Pr(L(Ze) = 21 |L(Ze—y = D] < —
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Main result (again)

For convenience, let D,, denote the probability distribution
which y™(X) follows for u.a.r X € [0,1); thus

» D, is a prob. distr. over L, c {0,1}", but

» D, is not the uniform distribution over L.

Question.
Is there o(n) space algorithm for sampling from D,,?

Yes, we can!

Thm. 2.3.
Let u € (1,2) be a rational given by an irreducible fraction u = c/d.
Then, there exists an algorithm to generate valid B ~ D,,

. log?2 nlog3 d
mO( 5 5
log* p

) space in expectation.




1 5. Concluding Remarks



Concluding Remarks

Result summary

B We gave an algorithm to generate B ~ D,,,
which works in O(log? n) expected space.
» [3-expansion is essentially the same.
Further discussion

® This result implies the computational complexity to decide
“whether b € {0,1}" is valid” is in O(log? n) space, in average.

® We can extend the result from an average to a smoothed analysis.
» See our arXiv paper about it.

Future work

[J Extension to logistic map.
] Extension to 2D chaotic map, e.g., Baker’s map.
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Concluding Remarks

Result summary

B We gave an algorithm to generate B ~ D,,,
which works in O(log? n) expected space.
» [3-expansion is essentially the same.
Further discussion

® This result implies the computational complexity to decide
“whether b € {0,1}" is valid” is in O(log? n) space, in average.

® We can extend the result from an average to a smoothed analysis.
» See our arXiv paper about it.

Future work

[J Extension to logistic map.
] Extension to 2D chaotic map, e.g., Baker’s map. ‘
Fin.



!'- The end

Thank you for the attention.
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